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Abstract. We consider the standard first passage percolation model in Z"* for d> 2. We are interested 
in two quantities, the maximal fiow r between the lower half and the upper half of the box, and the 
maximal flow (j) between the top and the bottom of the box. A standard subadditive argument yields the 
law of large numbers for r in rational directions. Kesten and Zhang have proved the law of large numbers 
for T and when the sides of the box are parallel to the coordinate hyperplanes: the two variables grow 
linearly with the surface s of the basis of the box, with the same deterministic speed. We study the 
probabilities that the rescaled variables t/s and (p/s are abnormally small. For r, the box can have 
any orientation, whereas for 0, we require either that the box is sufficiently flat, or that its sides are 
parallel to the coordinate hyperplanes. We show that these probabilities decay exponentially fast with 
s, when s grows to inflnity. Moreover, we prove an associated large deviation principle of speed s for 
t/s and (fi/s, and we improve the conditions required to obtain the law of large numbers for these variables. 
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1 Introduction 

The model of maximal flow in a randomly porous medium with independent and identically distributed 
capacities has been initially studied by Kesten (see jKesten, 1987| ), who introduced it as a "higher dimen- 
sional version of First Passage Percolation". The purpose of this model is to understand the behaviour 
of the maximum amount of flow that can cross the medium from one part to another. 

All the precise deflnitions will be given in section [21 but let us be a little more accurate. The random 
medium is represented by the lattice Z''. We see each edge as a microscopic pipe which the fluid can 
flow through. To each edge e, we attach a nonnegative capacity t{e) which represents the amount of fluid 
(or the amount of fluid per unit of time) that can effectively go through the edge e. Capacities are then 
supposed to be random, identically and independently distributed with common distribution function F. 
Let A be some hyperrectangle in M'^ (i.e. a box of dimension o? — 1) and n be an integer. The portion of 

^Raphael Rossignol was supported by the Swiss National Science Foundation grants 200021-1036251/1 and 200020- 
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media that we will look at is a box i3„ of basis nA and of height 2h{n), which nA splits into two equal 
parts. The boundary of Bn is thus split into two parts, Aj^ and A"^. We define two flows through i3„: 
the maximal flow r„ for which the fluid can enter the box through Aj^ and leave it through A^, and the 
maximal flow 4>n for which the fluid enters Bn only through its bottom side and leaves it through its top 
side. Existing results for 0„ and t„ are essentially of two types: laws of large numbers and large deviation 
results. Subadditivity impHes a law of large numbers for r„, when Bn is oriented to a rational direction 
(as defined in jBoivin, 1998| ). It is important to note that all the results concerning (/)„ we present now 
were obtained for "straight" hyperrectangles A, i.e. hyperrectangles of the form IliLi^lOi ^ {0}- Due 
to the symmetries of the lattice 'Z'^, this simplifies considerably the task. Kesten proved a law of large 
numbers for 0„ in straight cyHnders in Z'^ (see jKesten, 1987| ), under various conditions on the height 
h{n), the value of F(0) and an exponential moment condition on F. In a remarkable paper, Zhang (see 
[Zhang, 2007| ) recently optimized Kesten's condition on F(0) and extended the result to Z'^, d> 2 (see 
Theorem l3.4l below). Theret proved a large deviation principle for (/>„ at volume order for upper deviations 
(see [Theret, 2007| ). Lower large deviations for (/)„ far from its asymptotic behaviour were investigated 
for Bernoulli capacities in [Chayes and Chayes, 1986 , and for general functions in [Theret, 2008 , and 



are shown to be of surface order, although a full large deviation principle was not proved. 

The main results of this paper are the lower large deviation principles for r„ and (/)„ under various 
conditions, and the improvement of the moment conditions required to state the law of large numbers 
for these variables. More precisely, we shall show lower large deviation principles at the surface order for 
Tn for general A and height h{n), and for (/)„ when h{n) is small compared to n (see Theorem 13.101 and 
Corollary l3.14p . We also show a lower large deviation principle at the surface order for 0„ when log h{n) 
is small compared to n**^^ and when A is straight (see Theorem l3.17p . Unfortunately, when d> 3, we are 
not able to prove the lower large deviation principle for (/)„ through general hyperrectangles and heights 
(see Remark l6.3p . Incidentally, we prove deviation results which are interesting on their own for </>„ and 
Tn, for general hyperrectangles A (see Theorem 13.91 Theorem 13.131 and Theorem 13. ISp . A consequence of 
these deviation results is a law of large numbers for Tn in any fixed direction, even irrational, under an 
optimal moment condition (see Theorem 13. 8p . We also obtain a law of large numbers for 0„ in straight 
boxes under an optimal condition on the height of the box, and a weak moment condition. We stress 
the fact that we do not use any subadditive ergodic theorem for the law of large numbers for r„ , since 
in our general setting, subadditivity of r„ is lost in irrational directions. Instead, we use the "almost 
subadditivity" of r„ combined with a lower deviation inequality. 

The paper is organized as follows. In section[2l we give the precise definitions and notations. In section 
O we state the important background we shall rely on and the main results of the paper. In sectionjU we 
prove the deviation results for r„, and for (/)„ in flat cylinders, the proof of the corresponding result for (/)„ 
in straight boxes being completed at the end of the paper. We also obtain also the law of large numbers 
for Tn in this section. Section [5] is devoted to the large deviation principle for t„, and its corollary, the 
large deviation principle for 0„ in flat boxes. Finally, we prove the law of large numbers, the order of the 
lower large deviations and the large deviation principle for (/)„ in straight boxes in section [6l 



2 Definitions and notations 

The most important notations are gathered in this section. 
2.1 Maximal flow on a graph 

First, let us define the notion of a fiow on a finite unoriented graph G — {V,£) with set of vertices V and 
set of edges £. We write x ^ y when x and y are two neighbouring vertices in G. Let t = (i(e))eG£ be 
a collection of non-negative real numbers, which are called capacities. It means that i(e) is the maximal 
amount of fluid that can go through the edge e per unit of time. To each edge e, one may associate 
two oriented edges, and we shall denote by £ the set of all these oriented edges. Let Y and Z be two 
finite, disjoint, non-empty sets of vertices of G: Y denotes the source of the network, and Z the sink. A 
function 9 on £ is called a fiow from Y to Z with strength \\9\\ and capacities t if it is antisymmetric. 
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i.e. 9^ ~ ^(^yi, if it satisfies the node law at each vertex x oiV \ {Y U Z): 
if it satisfies the capacity constraints: 

Vee£, |6l(e)| <t{e) , 
and if the "flow in" at Y and the "flow out" at Z equal ||6'||: 

The maximal flow from Y to Z, denoted by 4>t{G, Y, Z), is defined as the maximum strength of all fiows 
from Y to Z with capacities t. We stress the fact that 4>t{G,Y, Z) is non-negative for any choice of G, 
Y and Z . We shall in general omit the subscript t when it is understood from the context. The max- flow 
min-cut theorem (see |Bollobas, 1998| for instance) asserts that the maximal fiow from Y to Z equals the 
minimal capacity of a cut between Y and Z . Precisely, let us say that E C E is, & cut between Y and 
Z m G \{ every path from Y to Z borrows at least one edge of E. Define V(E) = X]eG-E^(^) ^° 
capacity of a cut E. Then, 

4it{G, Y, Z) = min{y(£') s.t. £; is a cut between Y and Z in G} . (1) 
2.2 On the cubic lattice 



We use many notations introduced in Kesten, 1984 and Kesten, 1987 . Let d > 2. We consider the 



graph (Z'',E'^) having for vertices Z'^ and for edges E'', the set of pairs of nearest neighbours for the 
standard norm: ||2:||i = X^iLi for ^ = {^i: •■•j^d) G R*^- To each edge e in E"^ we assign a random 
capacity t(e) with values in R"*". We suppose that the family {t{e), e E E"*) is independent and identically 
distributed, with a common distribution function F : this is the standard model of first passage percolation 
on the graph (Z'',E'*). More formahy, we take the product measure P on = HeeE-iP: o^Ii and we write 
its expectation E. 

For a subset X of W^, we denote by H'^{X) the s-dimensional Hausdorjf measure of X (we will use 
s ~ d — 1 and s ~ d — 2). Let ^ C M'' be a non-degenerate hyperrectangle (for the usual scalar product) , 
i.e., a box of dimension d — 1 in Mf^. All hyperrectangles will be supposed to be closed and non- degenerate 
in R'^. Thus, every hyperrectangle A we will consider is the image by an isometry of R'' of a set of the 
form nf=i [O'^i] ^ {0} for strictly positive real numbers h. With this notation, we define the smallest 
length of A, denoted by IminiA) as: 

ImtniA) = min ki , 

i—l...d—l 

i.e. the smallest length of a side of A. We denote by v one of the two vectors of unit euchdean norm, 
orthogonal to hyp(A), the hyperplane spanned by A. For h a positive real number, we denote by cyl(A, h) 
the cylinder of basis A and height 2h, i.e., the set 

cyl(A, h) = {x-^tv\x e A, t e [-h, h]} . 

The set cy\{A, h) \ hyp{A) has two connected components, which we denote by Ci{A, h) and C2{A, h). For 
i = 1,2, let A'l be the set of the points in Ci{A, h) n 'L'^ which have a nearest neighbour in Z'' \ cyl(^, h): 

A'l = {a-eC,(A,/i)nZ''|32/eZ''\cyl(A,/i), = 

Let T{A, h) (respectively B{A, h)) be the top (respectively the bottom) of cyl(A, h), i.e., 

T{A, /i) = {a- e cyl(A, h)\3y <^ cyl(A, h) , {x, y) £ E'^ and {x, y) intersects A + hv} 
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and 

B{A, h) = {x e cyl(A, h)\3y ^ cyl(A, h) , (x, y) G E'^ and {x, y) intersects A - hv} . 

The notation (x, y) corresponds to the edge of endpoints x and y. We define also the r -neighbourhood 
V{H,r) of a subset H ofW^ as 

V{H, r) = {xe«^\ d{x, H) <r}, 

where the distance is the euclidean one, i.e. d{x, H) = inf{||:r — y\\2 \ y G H} and j|zj|2 = zf for 

z = {zi,...,zd) G R'^. 

The main characters. For a given realization {t{e), e G E'') we define t{A, h) by: 

T{A,h) = 0t(cyl(AMnZ^A'i\A^) , 

where 4>t is defined in section 12.11 and cyl(yl, h) n Z,'^ denotes the induced subgraph of Z'^ with set of 
vertices cyl(A, h) n 'E'^, equipped with capacities t. This definition makes sense if and A!^ are non- 
empty, otherwise we put r(A, h) = 0. Notice that if h > 2\fd and ^mm(^) > V^, then A^l and A!^ are 
non-empty. Similarly, we define the variable <i>{A^ h) by: 

(f>iA,h) ^ (f>ticyl{A,h)nZ'^,B{A,h),T{A,h)) . 

Finally, Pc{d) denotes the critical parameter for the Bernoulli bond percolation on if". 

3 Background and main results 
3.1 Background 

The following result allows do define the fiow constant ^{vo) when vq G is the vector (0, . . . , 0, 1). It 
follows from the subadditive ergodic theorems of [Ackoglu and Krengel, 1981] , [Krengel and Fyke, 1987| 
and ISmythe, 1976| . Let k = (/ci, . . . , fc^-i) G (N*)", and define A^ = nt^i^fO, h] x {0}. 

Theorem 3.1 ( jKesten, 1987| ). Suppose that h(n) goes to infinity when n goes to infinity, and that: 

/•oo 

/ X dF{x) < oo . 
Jo 

Then, T{nA]f^, h{n))/{n'^^^ Y[i=i f^i) converges almost surely and in , when n goes to infinity, to a 
non-negative, finite constant ^{vo) which does not depend on k. 

An important problem is to know when v{vq) equals zero. It is proved in [Theret, 2008| (see also 
[Chayes and Chayes, 1986| for capacities equal to zero or one) that F{Q) < 1 — pc{d) implies v{vo) > 0. 
Conversely, Zhang proved in jZhang, 2000| , Theorem 1.10 that ^(t^o) = if F{0) = 1 —pcXd), and so by a 
simple coupling of probability if F{0) > l—pc{d). Actually, he wrote the proof for d = 3 but said himself 
that the argument works for d > 3 (see Remark 1 of [Zhang, 2000| ). This property is also satisfied in 
dimension d = 2 where we can use duality arguments (see [Kesten, 1984| Theorem (6.1) and Remark 
(6.2)). We gather these results in the following theorem: 

Theorem 3.2. Suppose that x dF[x) is finite. Then, vivo) = if and only if F{0) > 1 — Pc{d). 

Finally, a crucial result is the following theorem of Zhang, which allows to control the number of edges 
in a cut of minimal capacity. Let k = (fci, . . . , kd-i) G (N*)", m G N* and define: 

d-l 

B(k,m) = Y[[0,h] X [0,m] . 

1=1 

Let iV(k, to) be the number of edges of a cut E between B(k, to) and oo which achieves the minimal 
capacity V{E) = J2eeE ^i^) among all these cuts. If there are more than one cut achieving the minimum, 
we use a deterministic method to select a unique one with the minimum number of edges among these. 
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Theorem 3.3 ( |Zhang, 2007| , Theorem 1). If F{0) < 1 -pc{d), then there exists constants p = l3{F,d), 
TOo(F, d) and Ci ~ Ci{F, d), for i = 1,2 such that for all n> j3 HiLi ^.nd mo < m < minimi ^-i h, 

P(iV(k,m) >n)< Cie"'^^" . 



An analogue result is obtained in [Zhang, 2007 , Theorem 2, for the minimal cut between the top and 
the bottom of B(k, to) inside B(k, to). We shall make use of Theorem 13.31 through a shght modification, 
Proposition 14.21 below. 

Finally, Kesten proved in 1987 the law of large numbers for (f) in vertical boxes in dimension 3 under 
the additional assumption that F(0) is sufficiently small and h(n) not too large, plus an assumption of 
finite exponential moment (see Theorem 2.12 in [Kesten, 1987| ). In a remarkable paper, Zhang recently 
improved Kesten's result by relaxing the assumption on F{0) to the relevant one F{Q) < 1 — Pc{d), and 
extended it to any dimension d>3 (see [Zhang, 2Q07[ ). Zhang proved the following result: 

Theorem 3.4 ( [Zhang, 2007[ ). Suppose F{0) < 1 — pc{d), and there exists 7 > such that: 

e'^^ dF{x) < 00 . 

Ifki, kd^i, TO go to infinity in such a way that for some < < 1, we have 

log TO < max k} ^ , 
~ i<i<d-i * 



the 



lim 



0(Ak,TO) 



1^(7)0) a.s. and in . 



/ci,...,A-d_i,m^oo k\ • • • kfi—\ 

3.2 Hypotheses on the distribution F and the height h 

Here we gather and present the main hypotheses that we shall do on F and on the height h. Notice that 
(F5) ^ (F4) ^ (F3) ^ (F2) and (H3) =^ (H2). 



Hypotheses on the distribution 


Hypotheses on the height 


(Fl) F{Q)<l-pc{d) 
(F2) X dF{x) < 00 
(F3) x^+^ dF{x) < 00 


(F4) 37 > 0, e''^ dF{x) < 00 
(F5) V7 > 0, e^'"' dF{x) < 00 


(HI) lim„_,oo h{n) = +00 
(H2) \im„^^'-2^^0 
(H3) lim„^^ Mp) = 



The following table summarizes the needed hypotheses for the main results presented in the next 
sections. SLLN stands for Strong Law of Large numbers, LDP for Large Deviation Principle and R.F. 
for Rate Function (of the Large deviation principles) . 
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X 


X 


(F4) 
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Let us comment this table a bit. First, assumption (HI) is not necessary to study the flows r and cf), 
but it is necessary to obtain a flow constant iy{v) which does not depend on the height /i, and moreover 
it is natural when we interpret our system as a model for porous media. All the other assumptions are 
optimal concerning r (cf. Remarks 13 .61 13.11) and 15 . 7|) except perhaps (F3) (see Remark l4.10p . In addition, 
our assumptions are also essentially optimal concerning (j) (cf. Remarks 13.111 and I3.2ip except perhaps 
assumption (F4) (see Remark [6?5|) and (F3), for the same reason as for r. Finally, assumption (H3), 
used to obtain results for cylinders which are not straight, is certainly far from optimality (see Remark 
This assumption gives results only for "flat cylinders". 



3.3 Results concerning r 

First, we will extend the deflnition of in all directions. 

Proposition 3.5 (Deflnition of ly). We suppose that (F2) and (HI) hold. For every non- degenerate 
hyperrectangle A, the limit 

^.^^ E{TinA,h{n))) 

exists and depends on the direction of v, one of the two unit vectors orthogonal to hyp{A), and not on A 
itself. We denote it by v(v) (the dependence in F and d is implicit). 

Remark 3.6. We chose to deflne simply the flow constant v from the convergence of the rescaled ex- 
pectations. Having made this choice, condition (F2) is necessary for the limit to be flnite. Indeed, for 
most orientations, there exists two vertices x £ A'l and y € A2 which are neighbours in Z"^. Thus, the 
corresponding edge must belong to any cutsets, and this implies that the mean of T[nA,h{n)) is flnite 
only if (F2) holds. Notice however that with some extra work, one could probably deflne a flow constant 
without any moment condition as in [Kesten, 1984| , section 2. 

The following Proposition states some basic properties of v, and notably settles the question of its 
positivity. 

Proposition 3.7 (Properties of v). Suppose that (F2) and (HI) hold. Let 5 = inf{A | P(t(e) < A) > 0}. 
Then, 

(i) for every unit vector v, v{v) > S\\v\\i. 

(a) if F{5) < 1 — Pc{d), then iy{v) > for all unit vector v. In the case 6 — 0, the previous 

implication is in fact an equivalence. 

(Hi) for every unit vector v, and every non- degenerate hyperrectangle A orthogonal to v, 

< f me))Kid,A) E{T{nA,hin))) ' 
^ ' - nm\ n W^-^inA) 

where K{d^A) = c((i)7i''^^(9^)/7Y'^^^(A), and c{d) is a constant depending only on the dimension 
d. 

We will derive the law of large numbers for t[A, h) in big cylinders cy\{A, h) as a consequence of an 
almost subadditive argument: 

Theorem 3.8 (LLN for r). We suppose that (F2) and (HI) hold. Then, 

T{nA,h{n)) 
n n'^-^{nA) 

Moreover, ifOEA, where denotes the origin ofU^, or if (F3) holds. 



T{nA,h{n)) 
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Propositions 13.51 [377l and Theorem 13.81 will be proven in section 1431 Concerning large deviations, we 
will show two results: the first gives the speed of decay of the probability that the rescaled flow r is 
abnormally small, and the second one states a large deviation principle for the rescaled variable r. 

The estimate of lower large deviations is the following. Notice that Theorem 13.31 is the key to obtain 
the relevant condition F{0) < 1 —pc{d). 

Theorem 3.9 (Lower deviations for r). Suppose that (Fl), (F2) and (HI) hold. Then for every e > 
there exists a positive constant C'{d,F,£) such that for every unit vector v and every non- degenerate 
hyperrectangle A orthogonal to v, there exists a constant C{d,F,A,e) (possibly depending on all the 
parameters d, F, A, s) such that: 

F(^^^^|^<K«)-e) < C{d,F,A,e)e^p{-C{d,F,s)H'-\A)n'-') . 

Now we can state a large deviation principle: 

Theorem 3.10 (LDP for r). Suppose that (Fl), (F5) and (HI) hold. Then for every unit vector v and 
every non- degenerate hyperrectangle A orthogonal to v, the sequence 

T(nA,h(n)) 



H'^-^inA) 

satisfies a large deviation principle of speed Tl'^~^{nA) with the good rate function J^. Moreover we know 
that is convex on infinite on [0, (5||'!7||i[U]i^(i/), +oo[, where 5 = inf{A|P(t(e) < A) > 0}, equal to 
at v{v), and if 5\\v\\i < v{v) we also know that J^, is finite on \8\v\\.iV(v)\, continuous and strictly 
decreasing on \8\v\\^v(v)\ and strictlypositive on [S\\v\\i,iy{v)[. 

Remark 3.11. Notice that, from Proposition l3.7t assumption (Fl) is necessary to have positive asymptotic 
rescaled maximal flow, and thus to give a sense to the study of lower large deviations. Moreover, Theorem 
I3.10l is interesting onlv if i^(v) > <^||'y||i- Proposition l3.7l states that it is the case at least if F(S) < l~pc{d), 
and in the case (5 = 0, this condition is optimal. We do not know the optimal condition on F{S) when 

Remark 3.12. In his PhD-thesis |Wouts, 2007| , section 2, Wouts shows a similar lower large deviations 
result in the context of the dilute Ising model. More precisely, for every temperature T, a Gibbs measure 
*&n,T with i.i.d. nonnegative, bounded random interactions (Je)eGE'' is constructed on the set of configu- 
rations {0, 1}^", where En is the set of edges of a cube Bn of length n, and (resp. 1) means the edge is 
closed (resp. open). Wouts defines the quenched surface tension in this box as the normalized logarithm 
of the <i>„,T-probability of the event that there is a disconnection between the upper and lower parts of 
the boundary of Bn. Then, Wouts shows that for Lebesgue-almost every temperature T, the quenched 
surface tension satisfies a large deviation principle at surface order. A remarkable feature of this work is 
that the proof, quite simple, relies on a concentration property that avoids the use of any estimate like 
that of Theorem 13.31 A similar treatment could be done in our setting, with the value of F{0) playing 
the role of the inverse temperature. Of course, this is quite artificial and unsatisfactory for our purpose, 
since one would not obtain any information for a precise distribution function F, but rather for almost 
all distributions of the form pSo + (1 —p)dF, p S [0, 1]. Still, it seems to us that Wouts' method deserves 
further investigation. 



3.4 Results concerning (f) in flat cylinders 

Under the additional assumption that the cylinder we study is sufficiently fiat, in the sense that we 
suppose liinn^och{n)/n = 0, we can transport results from t to (j) even in non-straight boxes, because 
the behaviour of these two variables are very similar in that case. We obtain the following two results: 

Theorem 3.13 (Lower deviations for fiat (j>). Suppose (Fl), (F2), (HI) and (H3) hold. Then for every 
e > there exists a positive constant C'{d,F,e) such that for every unit vector v, every non- degenerate 
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hyperrectangle A orthogonal to v, there exists a constant C'{d,F,A,h,e) (possibly depending on all the 
parameters d, F, A, h, e) such that 

p(^^^||^<K«l-f) < C'{d,F,A,h,e)c^p{~C'{d,F,e)n''\A)n'^'') . 

Corollary 3.14 (of Theorem [HOl LDP for flat (j)). Suppose (Fl), (F5), (HI) and (H3) hold. Then, 
for every unit vector v and every non-degenerate hyperrectangle A orthogonal to v, the sequence 

/ cj,{nA,hin)) 
^ n-i-^inA) 

satisfies a large deviation principle of speed T-C'^^^{nA) with the good rate function (the same as in 
Theorem^EZ^. 

Remark 3.15. Theorem 13.131 will be proven exactly as Theorem 13.91 using the fact that the convergence 
of E[r(nA, ft,(n))]/7i''~^(riA) implies the convergence of E[(j>{nA, h{n))]/'H'^~^ (nA) under the hypotheses 
(F2) and (H3). Corollarv 13 . 141 will be proven using the exponential equivalence of the rescaled variables 
T{nA,h{n)) and (j){nA,h{n) under hypotheses (F5) and (H3). 

3.5 Results concerning in straight but high cylinders 

We shall say that a hyperrectangle A is straight if it is of the form IliLi^P, a-i] x {0} (a^ G IR+ for all i, 
so a straight hyperrectangle is non-degenerate). In particular, Theorem 13.41 implies that for a straight 
hyperrectangle A, for every function /i : N ^ satisfying lim„_foo h{n) = +oo and \ogh{n) < n^"'' for 
some < 77 < 1, we have 



(j)(nA,h(n)) ,, , , 

lim ' ^ ' = 1/( 0, ...,0,1 a.s.andinL^ 



We obtain three results for the rescaled variable (p in straight cylinders. Using subadditivity and symmetry 
arguments, we can prove the law of large numbers for 4> in straight boxes under a minimal moment 
condition, and the hypothesis (H2) on h: 

Theorem 3.16 (LLN for straight (p). Suppose that (F2), (HI) and (H2) hold, and that A is a straight 
hyperrectangle. Then, 

(t){nA,h{n)) . • ri 

lim — :r~n — 7^ = i^(va) a.s. and m L 
n^oo Tt" '^[nA) 

where V() = (0, . . . , 0, 1). 

Under the additional condition of an exponential moment for F, we can prove a large deviation 
principle for 4> in straight boxes. 

Theorem 3.17 (LDP for straight 0). Suppose (Fl), (F4), (HI) and (H2) hold. Then for every straight 
hyperrectangle A, the sequence 

( HnAhjn)) ^ 
^ H'i-^inA) 

satisfies a large deviation principle of speed H'^^^{nA) with the good rate function with v ~ (0, 0, 1) 
(the same as in Theorem lS.lO]) . 

We also obtain a result similar to Theorem 13^ for 6: 



Theorem 3.18 (Lower deviations for straight (j)). Suppose (Fl), (F2), (HI) and (H2) hold. Then, for 
every e > there exists a positive constant C"(d, F, e) such that for every straight hyperrectangle A, there 
exists a strictly positive constant C" {d, F, A, h, e) (possibly depending on all the parameters d, F, A,h and 
e) such that: 



' (j){nA, h{n)) 
^ W^-^inA) 



< i/((0,...,0,l))-£^ < C"{d,F,A,h,e)cyiY>{-C"(d,F,e)H'^-^{A)n'^-^) . 
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This result answers question (2.25) in [Kesten, 1987| . We have to comment these three theorems by 
some remarks. 



Remark 3.19. We decided to state the law of large numbers (Theorem 13. 16p in the case were the origin of 
the graph belongs to the straight hyperrectangle A since it is the case in the literature (see JKesten, 1987] , 
[Zhang, 2007| ). We also could state the same result for a hyperrectangle A of the form ni=i l^i^ ^ {c} 
for real numbers < bi and c. In this case, exactly as in Theorem I3.8[ the same hypotheses (F2), (HI) 
and (H2) are required to obtain the convergence of (f>{nA, h{n)) /'H'''~^ (nA) in L^, but we need moreover 
the stronger hypothesis (F3) to obtain the a.s. convergence of the variable if the origin of the graph does 
not belong to A. 

Remark 3.20. The proofs of these three theorems are a little bit tangled. It comes from our willingness 
to obtain the best hypotheses on F each time. Indeed, we stress the fact that Theorem 13.181 is not a 
simple consequence of Theorem 13 . 1 71 when (F4) does not hold. In fact, we will prove first a proposition. 



Proposition 16.11 that will lead to Theorem 13.161 and Theorem 13.171 independently. Theorem 13.181 will be 
proven exactly as Theorems 13.91 and 13. 13^ using Theorem 13.161 

Remark 3.21. Actually the condition (H2), i.e. lim„^oo log/i(n)/n''^^ — 0, is essentially the good one. 
For instance, if ^ = [0, l]'^"^ x {0}, h{n) > exp(fcn'*~^) for a constant k sufficiently large and F{0) > 0, 
then the maximal flow (j>{nA,h{n)) eventually equals 0, almost surely. Indeed if the n'^~^ vertical edges 
of the cylinder that intersect one flxed horizontal plane have all for capacity then (j){nA, h{n)) = 0. By 
independence and translation invariance of the model, we obtain: 



P [(t){7iA, h{n)) 7^ 0] < 1 - F(0)" 

which is summable for k large enough, and so we conclude by the Borel-Cantelli lemma. 
Remark 3.22. Notice that our setting in Theorem 13. 161 is not entirely similar to the one of [Zhang, 2007) 
since each side of nA grows at the same speed, whereas Zhang considers A = 0^=1 [0' ^i] ^ {0} lets 
all the ki go to inflnity, possibly at different speeds. In the case we consider, we improve the height 
and moment conditions in Theorem 3 of [Zhang, 2007[ to the relevant one, and so partially answer the 
question contained in Remark (2.17) and question (2.24) in [Kesten, 1987 . See also Remark 16.41 



4 Lower large deviations for r and and law of large numbers 
for T 

In section 14.21 we derive the crucial deviation inequalities from their means of the flows r and (j). This 
will lead to the law of large numbers for r rescaled in section 14. 5[ and the deviations from v oi t and 
flat (j) rescaled in section 14.61 Of course, we need to deflne properly v in any direction, and this is done 
in section I4.3[ whereas properties of v are proven in section 14.41 using a combinatorial result stated in 
section 14.11 



4.1 Minimal size of a cutset 

For every hyperrectangle A, we denote by N{A, h) the minimal number of edges in A that can disconnect 
from A2 in cyl(A, /i), if A\ and A2 are non-empty. The following lemma gives the asymptotic order 
of N{nA, h{n)) when n goes to inflnity. 

Lemma 4.1. Let v be a unitary vector. Then for all hyperrectangle A orthogonal to v, for all function 
h : N -^]2\/d, +oo[, and for every n e N such that lmin{nA) > ^/d, 



N{nA,h{n)) 
n<^~^(nA) 



- mi 



< 



dW^-^dA) 
nW^-^A) 
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Proof : We introduce some definitions. For A a hyperrectangle orthogonal to v, we denote by Pi{A) 
the orthogonal projection of A on the i-th hyperplane of coordinates, i.e., the hyperplane {{xi, ...,Xd) G 
M'' I =0}. We have the property 

nd~i{A) " 

Indeed, H'^^^iPtiA)) = \vt\n'^-^{A), where v = {vi,...,Vd). We define now E^{nA) the set of edges 
orthogonal to the «-th hyperplane of coordinates that 'intersect' the hyperrectangle nA in the following 
sense: 

Ei{nA) = {e = {x,y) eE"^ \y, = Xi + I and [x,y[nnA ^ and \x,y\<f. nA] . 

We exclude here the extremity y in the segment \x^y \ to avoid problems of non uniqueness of such an 
edge intersecting nA at a given point. On one hand, we have a straight path that goes from (nA)^^"-* to 
(7171)2'"' through each edge oiEi(nA), d, except maybe the edges that intersect nA along d{nA), 

and these paths are disjoint, so a set of edges that disconnect (nA)J''-"'' from (71^)2'""'' in cyl(nA, /i(7t,)) 
must cut each one of these paths, thus 

i—l ^ \ / / 

On the other hand, each path from (nA)']''"' to (71^)2'"' in cy\{nA,h{n)) must go through 77^ and so 
contains an edge of one of the Ei{nA), 7 = 1, d. It suffices then to remove all the edges in the union 
of the sets Ei{nA),i = 1, . . . , d to disconnect (7iA)J''"' from (77^)2'"' in cyl(7iA, h{n)), and so 

N-{nA,h{n)) < J2{-H'~'iP^i^A))+'^'-'idPdnA))) < (^||«||, + d^^^^ll^^ H'^-i(nA) . 

We conclude that 

.TC^-'^idinA)) dTC^-^idA) 



Af(nA,h(n)) 



H'i-^nA) 



< d- 



H'^-^nA) nH^'-^A) 



□ 



4.2 Lower deviations of the maximal flows from their means 

Let A be a non-degenerate hyperrectangle. In this section, we obtain deviation inequalities for 4'{A, h) 
and T{A,h) from their means. These inequalities, stated below in Proposition I4.3[ give the right speed 
for the lower large deviation probabilities as soon as the convergence of the rescaled expectation of the 
variables is known. This will be used in section 14.31 to prove the law of large numbers for r, but above 
all this will be essential to show the positivity of the rate function for lower large deviations in section 
15.41 This positivity will be used to prove Theorem 13.161 in section [621 

To get this result, we state below in Proposition 14.21 a slight modification of Zhang's Theorem 13. 3^ 
which allows to control the number of edges in a cut of minimal capacity. Notice that in this precise 
form. Proposition 14.21 is almost a strict analogue for fiow problems of Proposition 5.8 in [Kesten, 1984| , 
the latter being of utmost importance in the study of First Passage Percolation. 

We introduce the following notation: (resp. E^{A,h)) is a cut whose capacity achieves the 

minimum in the dual definition ^ of t(A, h) (resp. h)). If there are more than one cut achieving 
the minimum, we use a deterministic method to select a unique one with the minimum number of edges 
among these. Recall also that for a hyperrectangle A, we defined Imin(A) as the "smallest length of A", 
i.e. the number t such that A is the isometric image of nf=i [Oj ^ {0}i '^ith t = ti < . . . < td-i- 
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Proposition 4.2. Suppose that (Fl) holds, i.e. F(0) < 1 —pc{d). Then, there are constants e{F,d), 
Ci(-F(0),d), C2(-F(0),d) and to{F{0),d), such that, for every s e R, every non-degenerate hyperrectangle 
A such that lmin[A) > to, and every h > 2^/d, we have: 



caidiEriAM)) > s andT{A,h) < e{F,d)s) < Ci(F(0),d)e" 



-C2{F{0),d)s 



F {caTd{E^^A,h)) > s and < e{F,d)s) < Ci{F{Q),d)he-^^^''^'^^^'^^' . 

Furthermore, the constant e depends on F only on the neighborhood of in the sense that if {Fn)n(^n is 
a sequence of possible distribution functions for t(e), which coincide on [0,77] for some r/ > 0, then one 
can take the same constants s, Ci and C2 for the whole sequence in the above inequalities. 

Proof : First notice that when d = 2, this is a consequence of Proposition 5.8 in [Kesten, 1984| , through 
duaUty. In fact, when d = 3, all the hard work has been done by Zhang, giving Theorem 13. 3^ so we 
only stress the minor differences for the reader who would like to check how one goes from the proof of 
Theorem 13.31 (i.e. Theorem 1 in [Zhang, 2007| ) to Proposition 14.21 and we rely heavily on the proof and 
notations of jZhang, 2007| . 

The first thing is to see that one can perform the renormalization argument of section 2 of [Zhang, 2007| . 
To do this for t{A, h), replace 00 by A2 and the box B(k, to) by A'^. For (f>{A, h), replace 00 by T{A, h) 
and B(k, to) by B{A,h). For both T(A,h) and /i) also, one requires that all the connectedness 
properties happen "in cyl{A,h)". Then, the construction of the Hnear cutset is identical, except for one 
thing: when Bt{u) is a block of the "block cutset" such that Bt{u) intersects dcy\{A, h), it has a property 
sHghtly different than the "blocked property" of Zhang. Define Bf{u) to be the set of f-cubes which are 
L'^-neighbours of the cubes in Bt{u). Let us say that a set of vertices Vb of Z'' is of smallest length t 
if there is a hyperrectangle H in W^, isometric image of [0, f]''"^ x {0}, such that for each edge e of 11^ 
intersecting H , there is an endpoint of e which belongs to V . Now, let us say that a block Bt{u) has a 
"blocking surface property" if either one of the following holds: 

(i) there are two subsets of vertices Vi and V2 of smallest length t/2 in B'^{u) which cannot be connected 
by an open path in B^(u), 

(ii) or there are a subset of vertices V\ of smallest length t/2 and an open path 7 connecting Bt(u) to 
Bt{u) in B^{u) such that 7 and Vi cannot be connected by an open path in B^{u). 

Then, if A is of smallest length larger than t, and if Bt{u) is a block of the "block cutset" such that 
Bt{u) intersects dcy\{A,h), it has a "blocking surface property". Now, it is easy to see, using the same 
arguments as Zhang from [Grimmett, 1999[ , section 7, that the probability that Bt{u) has a "blocking 
surface property" decays exponentially to zero as t goes to infinity, when F{0) < 1 — pc{d). This shows 
that the renormalization works if A is of smallest length larger than some to(F{0), d), see the choice of t 
above (5. 26) in [Zhang, 2007 . Notice that to prove Lemma 8 in [Zhang, 2007[ , Zhang appeals to Lemma 



7.104 in [Grimmett, 1999| "whereas it seems better to see this as a direct consequence of the fact that 
percolation in slabs occurs. 

The rest of the proof is almost identical. Note however that when considering T(A,h), there is no 
need to put a sum over the possible intersections of the cutset with L (in (5.4), and before (5.26)), since 
we know there is a constant R{d) such that there is a set of R{d) edges that a cut needs to intersect (it 
is essentially "pinned" at the border of A). This is why we do not have any condition on the height in 
the first inequality of Proposition 14.21 and why on the contrary h appears in our second inequality: for 
(f>{A, h), we only know a set of h edges that a cut needs to intersect. 

Finally, notice that we do not have any condition of moment on F, since we are bounding the 
probability that {ca.rd{E^(^A.h)) ^ k} and {t(A, /i) < ek} occur, not only P (card(£'^(yi /ij) > A;), and 
Zhang uses the moment condition only to bound P(t(A, ft,) <ek). Also, the last statement on the 
constants is easily seen by tracking the choice of e (see (5.2) and below (5.10)). □ 



Thanks to Proposition l4.2l and general deviation inequalities due to [Boucheron et al., 2003 , we obtain 



the following deviation result for the maximal fiows T{nA, h{n)) and 4>{nA, h{n)). 
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Proposition 4.3. Suppose that hypotheses (Fl) and (F2) occur. Then, for any ?/ g]0,1], there are 
positive constants C{rj,F,d), C^{F{{)),d) and tQ{F,d) such that, for every n e N*, every non- degenerate 
hyperrectangle A such that nA has smallest length at least to : 

P {T{nA, h{n)) < E{T{nA, h{n))){l - rj)) < C3(F(0), d)e-c('J,i=^,rf)E(r(nA,/«(„))) ^ 

and: 

P {<f){nA, h{n)) < E{(t){nA, h{n))){l ~ 77)) < C3(F(0), d)/i(n)e-'^('''-^''')^('^("^'''("») . (3) 



Proof : To shorten the notations, define t„ = T{nA, h{n)) and (/)„ — 4){nA, h{n)). We prove the result for 
T„, the variant for 4>n being entirely similar. Since P (r„ < E(t„)(1 — 77)) is a decreasing function of 77, it 
is enough to prove the result for all 77 less or equal to some absolute r/o g]0, 1[. We use this remark to 
exclude the case 77 = 1 in our study, thus, from now on, let 77 be a fixed real number in ]0, 1[. 

Fix A a non-degenerate hyperrectangle, and n such that nA has smallest length at least to{F, d), with 
to as in Proposition 14.21 We order the edges in cy\{nA, h[n)) as ei, . . . , em„- For every hyperrectangle A, 
we denote by N{A,h) the minimal number of edges in A that can disconnect A\ from A2 in cy\{A,h), 
as in section 1411 For any real number r > N{nA, h{n)), we define: 

V{E) s.t. card(£') < r and cuts 



(nA)^'""'' from (71^)2''"'' in cyl{nA,h{n)) 

Now, suppose that F{0) < 1 — Pc{d), let e, C'l and C2 be as in Proposition 14. 2| and define r = (1 — 
77)E(r„)/£. Suppose first that r < Af{nA,h{n)). Then, 

P(t„ < (1 - 77)E(r„)) = P(t„ < (1 - 77)E(t„) and card(£;,J > (1 - 77)E(t„)/£) , 

from Proposition 14.21 and the desired inequality is obtained. Suppose now that r > Af{nA, h{n)). Then, 

P(r„ < (1 - r/)E(T„)) = P(r„ < (1 - 77)E(t„) and < ^ t„) + P^ < (1 - 77)E(t„)) , 

< Cie-^^'-+P«<(l-77)E«)), (4) 

from Proposition 14.21 and the fact that < t„. Now, we truncate our variables t(e). Let a be a positive 
real number to be chosen later, and define i{e) = t{e) A a. Let: 

. f J2e£E ^(s) ^-t- card(£') < r and E cuts 
Tn = mm I ^^j^pn) j^^^ (nA)^*") in cy\{nA,h{n)) 

Notice that f,^ < r^. We shall denote by Rfr the intersection of all the cuts whose capacity achieves the 
minimum in the definition of fT. Then, 



h{n) 



0<E«)-E(f;) < E 



J2 tie)- J2 ^» 



< E 



t{e) lt{e)>a 



leeRfr 

^E(t(eO ltie,)>a le.eJ?,.) , 



^e[e (tie,) It(,,)>, Ie.Gfl.J(i(ej)W» 
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Now, when {t(ej))j^i is fixed, t{ei) ^ IgiGij^r is a non-increasing function and t{ei) ^ t{ei) l-t(ei)>a is 
of course non-decreasing. Furthermore, since the variables {t{ei)) are independent, the conditional expec- 
tation 'E{.\[t[ej))j^i) corresponds to expectation over t(ei), keeping (t(ej))j^i fixed. Thus, Chebyshev's 
association inequality (see [Hardy et al., 1934] , p. 43) implies: 

E (i(e,) It(,,)>, Ie,efl,J(t(e,)W,) < E (t(e.) It(e,)>a|(i(ej) E ( le.efl,. |(t(ej))j^, 

= E (i(ei) It(e,)>a) E ( Ie.ei?^,. |(t(e,)),^.) . 



Thus, 

< E«) - E(f,';) < E {tie,) ltie,)>a) E(card(i?f.)) < rE (t(ei) It(e,)>a) 
Now, since has a finite moment of order 1, we can choose a(?7, F, d) such that: 



(5) 



1-77 



E(t(ei) It(ei)>a) < I , 



to get: 



E«)-E(fD<fE(r„)<|E«), 

p« < (1 - ,/)E«)) < p (f;: < E(fD - 



(6) 



Now, we shall use Corollary 3 in jBoucheron et al., 2003| . To this end, we need some notation. We 
take t' an independent collection of capacities with the same law a,s t — (t(ei))i=i...^,„,,. For each edge 
Bi S cy\{A,h), we denote by i^'-' the collection of capacities obtained from i by replacing i{ei) by i'{ei), 
and leaving all other coordinates unchanged. Define: 



V- :=: 



where f^{t) is the maximal fiow through cyl(nA, h(n)) when capacities are given by t. Observe that: 

T;(i(*^)-r;(t)<(t'(e.)-i(e.)) ^e,eH,, , 

and thus, 

V- < cardiRf^) < c?r = 0^(1 - 77)E(t„)/£ . 
Thus, Corollary 3 in Boucheron et al., 2003| implies that, for every r\ €]0, 1[, 



which, with inequalities ([6]) and |[4]) finishes the proof of inequality 



□ 



Remark 4.4. If we suppose the existence of an exponential moment for F, then one can get concentration 
inequalities: there are positive constants Di and D2, depending only on F and d and such that, for every 
hyperrectangle A, every h > and every u > 0, 



¥{\t{A, h) - E(t(A, h))\ >u) < Di exp - 



Furthermore, for every h < exp(7i'' ^{A)) and every m > 
f{\(l){A, h) - E{(f>{A, h))\ >u) < Di exp ( - 



\ „ / I 



,,,,,,, Di exp I — -W^-^iA) 
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This can be proved much as in [Zhang, 2007| , section 9. It should be noted that these results certainly 
do not give the right order of the "typical fluctuations", i.e., fluctuations that occur with a non negligible 
probability. Indeed, let Sn be the square: 

We say that a set of edges E "is a cut based on Sn" if it is flnite, and if every closed path in Z"^ which 
is not contractible to one point in \ Sn has to contain one edge of E. Let f„ be the set of all sets of 
edges which are a cut based on Sn and define: 

fn = mi{V{E)\E e £n} . 

Then, mimicking the work of [Benjamini et al., 2003| , one can prove that the variance of fn is at most of 
order C{n'^~^ / logn) where C is a constant (and there is no reason for this bound to be optimal). It is then 
very reasonable to think that t{A, h) and h) will inherit this property to have "submean" variance, 
i.e. their typical fluctuations should be small with respect to when the side lengths of A 

tend to inflnity. 

Remark also that these concentration inequalities, while they reflect the right order of lower large 
deviations, do not give the right asymptotic of upper large deviations, which are of volume order. We do 
not know a simple route to reach that which would avoid the work of [Theret, 2007 . 

4.3 Asymptotic of E(r) 

Here, we prove Proposition [331 so we suppose that the capacity of the edges is in . Let us consider two 
hyperrectangles A, A' which have a common orthogonal unit vector iT, and two functions h,h' : N ^ R+ 
such that lim„_+oo h{n) = lim„_too h'{n) = +oo. We take n,N e 'N such that N > No{n) with No{n) 
large enough to have h{N) > h'{n) + 1 and N diam(A) > n diam(yl') for all N > No{n) (here diam(A) = 
sup{||a; — y||2 I y e A}). We deflne 

D{n, N) = {x e NA \ d{x, d{NA)) > 2n diam A'} . 

There exists a finite collection of sets {T{i),i e /) such that each T{i) is a translate of nA' intersecting 
the set D{n,N), the sets {T{i),i G I) have pairwise disjoint interiors, and their union Uig/T(i) contains 
the set D{n,N) (see Figure[T|. For all i, there exists a vector ti in M.'^ such that ||ii||oo < 1 and T'{i) = 
T(i) + ti is the image of nA' by an integer translation (that leaves Z'^ globally invariant). The cylinders 
cyl(r'(i), h'{n)) are still included in cy\{NA, h{N)) for all i G /, and the family (T(r'(i), h'{n)), i e I) is 
identically distributed (but not independent in general). For each i, by the max-fiow min-cut theorem, 
we know that t(T' (i), h' (n)) is equal to the minimal capacity V{E) ~ J2eeE^i^) ^ of edges E C 
cyl(r'(i), ft,'(n)) that cuts T'{i)\ from T'(ifl For each i G I, let Ei be such a set of edges of 
minimal capacity, i.e., t{T' (i), h' {n)) = V{Ei). 

We fix C = 4(i. Let Eq (resp. Eq, Eq) be the set of the edges included in (resp. , £o), where we 
define 

= Uc^(cyi(aT'(*),+cx)),c)nv(hyp(7VA),c)) , 

is/ 

£l = cy\{NA-^D{n,N),0 

and 

£a = £q^ £0 ■ 

The set of edges Eq U U.e/ E, cuts {NA)^^'^^ from [NAf^^'^^ in cy\{NA, h{N)), so 

TiNA,hiN)) < ViEo) + J2^(E^) 

< V{E,) + Y,T{T'{^),h'{n)). (7) 
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Figure 1: The hyperplane hyp(A). 



Taking the expectation of ([7l), we obtain 

E{T{NA,h{N))) ^ card(£;o) 

There exists a constant c{d) such that: 



< 



< 



n'^--L(NA) 

card(£'o) 
n'^-i(NA) 



E(t) 

m 



card(/)E(T(nA',/i'(n))) 

H'^-^iNA) 
E{T{nA',h'in))) 
H'^-^nA') ■ 



(8) 



card(i;^) < c{d) 



thus 



and so 



card(i;o) < c{d) 



y^H^-'idinA')) and ciiTd{E^)<c{d)H''-\d{NA))diam{nA'), (9) 



'^^^-M^^n'-'{d{nA')) + n'-\d{NA))dzam{nA') 



(10) 



lim hm 



card(_Bo) 



By sending N to infinity, and then n to infinity, we obtain that 



0. 



AT^oo W^-^iNA) - n~*oo 7i'^-^{nA') 

For A = A' and h = h' , we deduce from this inequahty that lim„_>oo E (r(nA, h{n))) /H'^^^{nA) exists. 
For different A,A', and h, h' , we conclude that this Hmit does not depend on A and h, but only on the 
direction of v (and on F and d of course). We denote this limit by v{v). 
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4.4 Properties of v 

Here we prove Proposition 13.71 Lemma [4!T] implies that v(v) > 5\\v\\i for every unit vector v, so we only 
need to prove assertions (ii) and (iii) in Proposition 13.71 First, let us show that iy{v) > is equivalent 
to F{0) < 1 — Pc{d). We begin by stating the weak triangle inequality for v{v): 

Proposition 4.5. We suppose that (F2) holds. Let [ABC) he a non- degenerate triangle in and let 
VA, vb and vc be the exterior normal unit vectors to the sides [BC], [AC], [AB] in the plane spanned by 
A, B, C. Then 

n'i[AB]Hvc) < n'i[AC]HirB) + n'i[BC]Mv7) . 

We do not prove Proposition 14. 51 as it is the strict analogue of Proposition 11.2 in jCerf, 2006| . We 
stress the fact that it uses only the definition of v{v) as the limit of the expectation of the rescaled variable 
T, i.e. Proposition 13.51 As in [Kesten, 1984| , one can extend as a function on M** as follows: 

v{0) = 0, and W ^ 0, iy{u) := \\u\\.iy 

Then, Proposition 14.51 shows that ly is convex (and even subadditive). Using this convexity, it is standard 
to obtain that 

3v^d s.t. iy{v) = W iy{v) = , 

see for example (3.15) in [Kesten, 1984| . We deduce that 

F{0)>l~pc{d) <^ 3v s.t. iy{v) = ^ W i/(t7) = . (11) 

Now we study the case S > 0. For a given realization of (i(e),e G E''), we define the family of 
variables (t'(e),e £ E'') by t'{e) — t{e) — 6 for all e. Then the variables (t'(e),e S E'') are independent 
and identically distributed, and if we denote by F' their distribution function, we have F'{X) = F{X + S) 
for all A e K. We compare the variable T(nA, h{n)) and the corresponding variable T'{nA, h{n)) for the 
capacities {t'{e)), for a given hyperrectangle A of normal unit vector v, and a given height function h 
such that lim„^oo h{n) = +oo. We still denote by N{nA,h{n)) the minimal number of edges that can 
disconnect (riA)J'''"'' from (71,^)2^"'' in cyl(riA, h{n)). By the max-fiow min-cut theorem, we easily obtain 
that 

T{nA,h{n)) > T'{nA,h{n)) + 6M{nA,h{n)), 

and so 

E{T{nA,h{n))) E{t' {nA, h{n))) M{nA,h{n)) 
W^-^nA) - W'-^nA) ^ n'^-^{nA) ' 

Proposition 13.51 and Lemma |4?T] give us that 

vpiv) > VF'{v) + 5\\v\\i 

with trivial notations. Now F{5) ~ -F'(O) < 1 — Pc{d) implies that vf'{v) > 0, so (ii) is proved. 

Finally, from inequalities ([8]) and (fTO|) . with A = A' and letting N go to infinity, we get, for every 
non-degenerate hyperrectangle A orthogonal to some unit vector v: 

^ [ E{t{e))c{d)H''-\dA) E{T{nAMn))) \ 
^ ' - n&i\ riW^-^iA) H'^-i(nA) /■ 

Thus, Proposition 13.71 is proved. 

4.5 Law of large numbers for r 

Here, we prove Theorem 13.81 We begin with the almost sure convergence of r(nA, h{n))/'H'^~^{nA). To 
deduce it from the convergence of its expectation, we will use the following result: 
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Lemma 4.6. Suppose that hypotheses (Fl) and (F2) occur. Then 

. ^ TjnA, hjn)) ~ E(rM, h{n))) ^ ^ 
limmt ^ . ^ , — > a.s. 

Proof ■ It is a simple consequence of Proposition 14.31 and the fact that E{T{nA, h{n))) is equivalent to 
H'^~^{nA)i'{v), using Borel-Cantelli's lemma. □ 

We shall use ^ with h = h' and A = A' , i.e. the sets T'{i) are integer translates of nA. We emphasize 
the dependence on TV and n by writing Eq = El{N,n) for i g {1,2}, / = I{N,n) and T'{i) = T'j^^^{i). 
Suppose first that G A. Then, we can construct the sets Tj^ j^{i) in order to have: 

Wn >l,yN'>N> No{n), (r;.,„(i)).e/(N,„) C (T'^, J^))^eI{N' ,n) ■ 

We obtain that 

V?! > 1,VA^' > TV > iVo(n), E^{N,n) C E^{N',n) . 
Thus, the strong law of large numbers for i.i.d. random variables implies, using inequality ([9]): 



V(E),) ,,,,, cardf^;^) E(t(e))K(d, A) , , 

1— P^^;i4(fl)<E^^^^^ a.s. (12) 



where K{d,A) = c{d)n'^''^{dA)/n'^-\A). Moreover, we know (see ©) that 

cardi;^ < c{d)H'^-^ {d A) dianiiA) N'^-^n. 

Under the assumption (F2), Theorem 4.1 in |Gut, 1992| states that ViE^{N,n))/n'^-^{NA) converges 
completely to 0, with the definition of the complete convergence given by Gut (Definition (1.1) in 
|Gut, 199"2l ). Complete convergence implies almost sure convergence through Borel-Cantelli's lemma, 
thus 

hm ^ , , 1 , ,x = U a.s. 

N-.00 n<^-^{NA) 

Also, we claim that: 

Y.^eI{N,n)r{T'{l),h'{n)) ^{T{nA,h{n))) 

hmsup ^ , , 1 , ,^ = — „ , , -I , — TT — a.s. (13) 

Indeed, notice that (for n large enough) t{T' {i), h' {n)) is independent of all the other t[T' [j),h' [n)) 
except for at most B'' — 1 values of j corresponding to the T'{j) that can intersect T'{i). Thus, (fT3l) 
follows by partitioning the sets T'{j) into S'' — 1 classes of i.i.d. variables, and then applying the strong 
law of large numbers for i.i.d. random variables. Thus, for n large enough. 



T{NA,h{N)) ¥.{t{e))K{d,A) E{T{nA,h{n))) 
lim sup . — ttttt; — ^ — ttj — — 71 — ci.s. 

AT^oo W^-^iNA) - n n-^-^inA) 

and using Proposition 13.51 

T{NA,h(N)) 

If i^{v) = 0, since t is non-negative, we get the desired result. We suppose that ^{v) > 0. Prom 
Proposition 13.71 '^e know that iy{v) > is equivalent to F{0) < 1 —pc{d). Then it follows from Lemma 
14.61 and the convergence of E(T(nA, h{n))) /T-C^^^ (nA) to i'{v) that: 

. ^ T{NA,h{N)) 

which, together with lfT4|) gives the law of large numbers for r. 
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Now, what happens if ^ A ? Then, we suppose that (F3) holds, and we can combine Borel- 
CantelU's Lemma with the complete convergence in the law of large numbers for subsequences (Theorem 
4.1 in |Gut, 1985] , or more generally Theorem 4.1 in |Gut, 1992] ) to replace the classical law of large 
numbers to prove (fT2|) and ifTSj) . 

This ends the proof of the almost sure convergence. Now, let us prove the convergence in L^. Suppose 
first that G A. Then, one can find a sequence of sets of edges (£'(n))„gN such that for each n, E{n) is 



a cut between {nA)'^^"' and (nA)'^'"'^', E{n) C E{n + 1) and: 



h{n) 



card(£'(n)) 



Now, define: 



f = 



and 5n = X] ^^^^ 



Then, we know the following: 

(i) < /„ < 5„ for every n, 

(ii) {gn)nm converges almost surely and in , thanks to the usual law of large numbers, 

(iii) {fn)n&i converges almost surely to v{v), thanks to the almost sure convergence for Q <E A that we 
have just proven. 



(iv) (E(/„))„gN converges to v{v), thanks to Proposition 

It is then standard to show that /„ converges in to v{v): apply the monotone convergence theorem to 
bn = inf m>n(gm - /m), and then show that {g - f - &n)neN and (g„ - fn- &n)neN are positive sequences 
converging to zero in L^. 

It remains to show the convergence in when we do not know whether G A. Let A" be the translate 
of A such that & A" , and is the center of A" . For any fixed n, there exists a hyperrectangle A'^ which 
is a translate of nA by an integer vector and such that doo{0, nA'^) < 1 and doo{nA" , A'^) < 1, where doo 
denotes the distance induced by ||.||oo- We want to compare the maximal fiow through CY\{nA" , h{n)) 
to the maximal fiow through cyl(A^, h{n)). The difiiculty is that one of these cylinders is not included 
in the other. This is the reason why we will construct bigger and smaller version of cy\{nA",h{n)). We 
recall that ^min(^) is the smallest length of A, i.e.. 



^min {A) 



i=l....,d-l 



where A is the image by an isometry of the set JliLi [0, fcj] x {0}. We define the biggest length of A as 

^max (^) 



max ki 

i=l d-1 



with the same notation. We only consider n large enough such that h{n) > 1. Thus the following 
inclusions holds: 



cyl 



^min(^) 



A", h{n) - 1 C cyl(A:„ h{n)) C cyl n + 



^min {A) 



A",h{n) + 1 



where \x] is the smallest integer bigger than or equal to x. For all n, we have 



and 



^min(^) 

2 

^min(^) 



A" 



A" 



c V [dA'^„U,^{A) 
c v(dA'„,l„,,^{A) 



^min(^) 

2 
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Argueing as in section [431 let Fn be the edges included in Tn defined as 



''max (A) 



(A) 



l + 4(i 



We get, for n large enough, 



^min(^) 



A",h{n) + l] -V{Fn) 



Using the convergence in for A" which contains 0, we see that 



^min(^) 



A",h{n)-l] +V{Fn) 



^min(^) 



A",h{n) + 1^ /H'^-^nA) and ^ - ^ ^(A) ) A",h{n) - ?j /W^-^nA) 



converge to v{v) in as n goes to infinity. Furthermore, since card(F„) is negligible compared to n''^^, 
V{Fn)/'H'''~^{nA) go to zero in L^, and we get the convergence oi T[A'^,h{n))/TL'^~^{nA) to v{v) in . 
But since A'^ is an integer translate of nA, it implies the convergence of T{nA, h{n)) /H'^~^ {nA) to ^{v) 
in L^. 

Remark 4.7. Most likely, the almost sure convergence of {T{nA,h{n))/Ti'^^^{nA),n e N) could also 
be obtained by adapting the proof of jAckoglu and Krengel, 1981] , and thus relaxing the independence 
hypothesis on (<(e))e to stationarity. In any case, general subadditive results existing in the literature are 
not well adapted to treat the case of irrational directions, i.e. directions v such that T{nA,h{n)) is not 
exactly subadditive and stationary. Some authors circumvent this problem by proving that the almost 
sure convergence is uniform with respect to rational directions, which allows to extend the convergence to 
irrational directions, see Kesten, 1984 and [Boivin, 1998| for instance. But for flows Hke r, the uniform 
convergence requires a moment of order strictly larger than 1, see for instance Theorems 1.3, 1.9 and 
section 4 in jBoivin, 1998| . Notice also that Theorem 6.1 in jBoivin, 1998| shows directly the convergence 
in any direction for First Passage Percolation in dimension 2, using techniques some of which are similar 
to ours and others belong to the realm of ergodic theory. In this paper, the strategy we adopt is to use 
the fact that our space has one dimension more than the hyperrectangles which are the indices of the 
almost subadditive family: we can move the hyperrectangles T{i) out of the hypersurface spanned by 
NA to obtain the hyperrectangles T'{i) that have good properties. Moreover, the non-negativity of our 
variables r implies that it is simpler to use a concentration inequality than a maximal inequality as in 
the classical subadditive ergodic theorems. 

Remark 4.8. We have obtained readily the independence of the Hmit with regard to the precise form of 
the hyperrectangle we consider and this is not surprising since it appears already in subadditive ergodic 
theorems like in [Krengel and Pyke, 1987| . 

Remark 4.9. The almost sure convergence of {T{nA,h{n)) /Ti'^^^{nA),n £ N) is not necessary to prove 
Theorem 13. 9| but we need the convergence in probability to prove Theorem 13. IQI 

Remark 4.10. If ^ A, it is not clear to us whether condition (F3) is necessary or not: it is necessary 
for complete convergence to hold, but complete convergence is stronger than the a.s. convergence. 



4.6 



Lower deviations for r and flat 



(j): proofs of Theorem 13.91 and Theorem 



Now, we can prove Theorem 13. 9^ and so we consider F, h, v and A as in the statement of this Theorem. 
If u{v) = 0, there is nothing to prove. Suppose now that iy{v) > and let e < iy{v) be a positive real 
number. Let u = £/{2vmax), where Vmax = max{z^(w) | v unit vector}. Then w > and we have 



v{v) — e 
v{v) - e/2 



< 1-u. 
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Using assertion {Hi) in Proposition 13. 7^ we know that there exists a, no — no (A) (not depending on h) 
large enough to have 

E(T(nA,h(n))) e 
Vn > 710 ^ \, , , \'" > v{v) - - . 



Then, for all n> uq, 

P [r(nA,/i(n)) < {iy{v) ^ e)n'^-\nA)] < 



-{nA,h{n)) 



E{T{nA,h{n))) 



Now, the result follows easily from Proposition I4.3[ for n larger than some ni ~ n\{A). Adapting the 

constant for n<n\ leads to C(d, F, A, e). 

Remark 4.11. Notice that for every hyperrectangle A: 

2 ^ H'^-^jdA) ^ 2{d-l) 



Thus, from the proof above. Proposition 13. 71 (iii) and Proposition I4.3[ it can be seen that ni{A) and thus 
the constant C{d,F,A,e) depends on A only through K{d,A), or equivalently, only through lmin{A). 

We can do the same calculus for (j){nA,h{n)) as soon as we know that E{(j){nA, h{n))) /H'^~^ {nA) 
converges to i^{v). To prove Theorem 13.131 it is sufficient to prove that it is the case under hypotheses 
(F2), (HI) and (H3). We have to compare (j) and r. We suppose that lim„^oo h(n)/n = 0, and fix C > 2d. 
We consider n large enough such that the sides of nA have length bigger than C, i-e., lmin{A) > Let 
be the set of the edges that belong to defined as 

£t = V{cy\{d{nA),h{n)),C)ncy\inA,h{n)). 

We have, for all n large enough, 

T{nA,h{n)) > (f>{nA,h(n)) > T{nA,h{n)) - V{E+) . 

There exists a constant (7+ such that 

card(£:+) < C+n'^~'^h{n) , 

so we have 

\E[(j){nA, h{n))] ~ E[T{nA, h{n))]\ C+n'^-^h{n) 

H'i-HnA) - ^^d^^n^^^H^ ^ as n ^ oo , 

and this proves the convergence of E[0(nA, h{n))]/Tl'^^'^{nA) to i^{v)- Notice that the speed of convergence 
depends on h. Using Proposition 14.31 we can find ni{d, F, A, h, e) such that for all n > ni{d,F,A,h,e) 
we have 

P((^(nA, h{n)) <(i/(w) - e)n'^-'^inA)) 

< C3{F{0),d)h{n)exp{-C{e,F,d){iy{v)~e/2)n'^-^{nA)) 

< C3{F{0), d) exp n'^-i - C{e, F, d){v{v) - e/2)U'^-\nA) 

Using hypothesis (H2), which is implied by (H3), Theorem 13.131 is proved for n > n2{d,F,A,h,e), for 
n2{d, F, A, h, e) large enough. Adapting the constant C3(F(0),c?) for the n2 first terms. Theorem 13.131 is 
proved for all n with a constant C" depending on d, F, A, h, e. 

To prove Theorem I3.18[ it remains to prove the convergence of E[(/)(nA, /i(ri))]/7i''^^(nA) to v{v) 
under the hypotheses (Fl), (F2), (HI) and (H2). This will be done during the proof of Theorem 13.161 
in section 16.21 so we postpone the end of the proof of Theorem 13.181 until section 16.31 

Remark 4.12. Using Theorem 13. 131 Theorem 13.81 and the fact that (j){nA, h{n)) < T{nA, h{n)), we obtain 
the law of large numbers for (j){nA,h{n)) in fiat cylinders (i.e., under hypothesis (H3)) under the same 
hypothesis as the one for T(nA, h{n)). 
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5 Large deviation principle for r and in flat cylinders 



In this section, we show the large deviation principle for r. We construct a precursor of the rate function 
in section lSTTl and then study its properties. Precisely, we show it is convex in section [5^ finite (and thus 
continuous) on i, +oo[ in section [573t and strictly positive on [0,!^(u)[ in section [5741 After having 
shown in section [5751 that upper large deviations occur at an order bigger than the surface order, we can 
complete the proof of the full large deviation principle for r in section 15.61 and deduce the one for (j> in 
flat cyHnders in section [5771 



5.1 Construction of the rate function 

We will prove the following lemma, for which no condition on F is required. 

l'^ satisfying (HI), for every non- degenerate hyperrectangle 



Lemma 5.1. For every function h : N 
A, for all A in IR+, the limit 



1 



log I 



T{nA, h{n)) < ( A - ^ ) 'H''-^{nA) 



exists in [0, +cx)] and depends only on the direction ofv, one of the two unit vectors orthogonal to hyp(j4). 
We denote it hy2^{\). 

We introduce a factor ^l\fn in the definition o{X^(X) because we want to work with subadditive 
objects, but r(A, h) is not subadditive in A, except for straight cyHnders. Indeed, if A and B are two 
hyperrectangles with a common orthogonal vector and with a common side, to glue together a set of 
edges in cyl(A, h) that cuts from and a set of edges in cyl(i?, h) that cuts B\ from B2, we have 
to add edges at the common side of A and B (see the set of edges i?o defined in section 14. 3p . These 
edges may not have a capacity 0, so they perturb the subadditivity of r. We add the factor 1/v^ to 
compensate. 

Remark 5.2. It is natural to have no condition on F in Lemma [5711 since it comes essentially from an 
almost subadditive property for a non-random quantity. 

Proof : For the proof of Lemma 15.11 we consider the same construction as in section 14.31 (see Figure [1]) . 
From ^ we deduce that for all A G IR;^", we have 



T{NA,h{N)) < A 



W-'iNA) 



> 



ViEo)+J2riT'{^),h'{n))<(^X-^^n'-' 



(NA) 



Let V^{X\ P(t(e) < A) > 0}, and J inf P. We take u = 5 + C,sop = P(t(e) < w) > 0. We use first 
the FKG inequality and then the fact that the family {t{T' (i), h' {n)),i e /) is identically distributed to 
obtain that 

t{NA, h{N)) < (^^ - ^) W^-^iNA) 
> P[V{Eo) < u card(i;o)] 



xn 

> P [t{e) < u]^"^d(£o) 



r(T'(z),/i'(n))< 



(A - 1/VN)H''-\NA) - u card(^o) 
card(/) 



T{nA',h\n)) < 



(A - 1/Vn)H'^-\NA) - u card(£;o) 
card(/) 



card(7) 
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We have immediately that card(/) < n'^-'^{N A) /n'^~'^{nA'), so 



-1 



W^-^iNA) 



log I 



< 



t{NA, h{N)) <{\- — j n^-\NA) 
——^—\og^[T{nA',h'{n)) < P] - ^f^f-^"! logp, 



where 



P = 



card(/) 

As we saw in section l43l there exists a constant c{d, (, A, A') such that 

card(£;o) < c{d, C, A, A') {N'^-^n + N'^^^ /n + l) . 
On one hand, we obtain that 

card(i;o) 
hm lim ^ , , ,,,,,, log » = . 

On the other hand we want to compare /? with (A — l/^)H^^^{?iA'). Obviously we have 

XH'^-\NA) 



We also know that 



card(/) 



card(/) > 



> Xn'^^^inA'). 



n'^-^{D{n,N)) 



T-C^-^nA') 

so there exist a constant c'{d,A,A') and an integer Ni{n) large enough to have, for all N > Ni{n), 

d-l 



card(/) > c'{d,A,A') 



Thus, there exist constants Ci{d,(, A, A') such that for all TV > Ni{n), we have 

H'^-^NA) ^ SliMiAi^n^'-i^nA') 



and 



card(/)VA^ 
u card(i?o^ 



TV 



card(/) 



< C2idX,A,A') {^ + l]n''-\nA'). 



There exists uq such that for all ti > no, C2/n < l/{Ay/n). Then there exists N2(n) > NQ{n) V Ni{n) 
such that for all TV > TV2(n), C2n/N < 1/(4^^) and ci/VN < 1/(2^^). Thus for a fixed n > uq, for all 
N > N2{n), we have 

(3 > ( X ^ ^] n''-\nA') . 



Now in the following inequality, obtained for n> hq and TV > N2{n), 



-1 



W^-^iNA) 



log I 



TiNA,hiN)) < (X-^]H'-\NA) 



TinA', h'{n)) < ( A - ^ ) n'^-^{nA') 



card(i?o) 
7^d-i(7VA) 



logp, 
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we send N to infinity for a fixed n > no, and then we send n to infinity. We thus obtain 



hm sup ^ , , -, 



log I 



TiNA, hiN)) < ( A - ) n''-\NA) 



For A = A' and h = h' , this gives us the existence of 

-1 



lim 



log I 



T{nA,h{n)) < X 



T{nA',h'in)) < ( A - ^ ) H'^-^nA') 



n'^-^nA) 



for all A € M^, and for different A,A',h,h' this shows that the limit is independent of A and h. We 
denote this limit by Iv{\). 
For A = 0, 



T{nA,h{n)) < 







for all n e N, so the previous limit equals +oo, independently of A and v. This ends the proof of Lemma 
[511 □ 



Remark 5.3. The function Xf? is not exactly the rate function we will consider later: we will change its 
value from to +oo on +oo] and we will regularize it at HwHifJ. 

5.2 Convexity of Z^j 

We will prove that Xij is convex, i.e., for all Ai > A2 G IR+ and a e]0, 1[, we have 

ZsiaXi + (1 - a)A2) < aZg{Xi) + (1 - a)X,7(A2) . 

For A2 = 0, the result is obvious, so we suppose A2 > 0. We keep the same notations as in the previous 
section, for D{n,N), T{i), Ei, etc., except that we take A ~ A'. We define 



7 = [a card(/)J 



If we have 



T{T'{i),h{n)) < {Xi-l/V^)H''~\nA) /or i = 1, 7 , 
T{T'{i),h{n)) < (A2 - /or i = 7 + l,...,card(/), 



and 

then we obtain that 



V{Eo) < u c'Avd{Eo) 



T{NA,h{N)) < ( 7(Ai - ^) + (card(/) -7)(A2 - ^) ) n''-'{nA)+u card(£;o) , 



where 



< (aAi + (1 - a)A2) CQxA{I)n'^^^ {nA) - card(/)H^ ^{riA) ^ ^ ^ 

< {(xXx^{\- a)X2)n'^-^{NA)- 

caTd{I)n'^^^inA) 



P = 



u card(£^o) • 



(15) 
(16) 
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We want to prove that p > H.'^ ^{NA)/^/N for N large enough. We have seen in the previous section 
that there exists a constant c{d, (, A) such that 

card(i?o) < cidX,A)N^-' ( ^ + -) , 



and that there exists a constant c'{d,A) and a Ni{n) large enough to have, for all N > Ni{n), 

/^N d-l 

card(/) > c'{d,A) 

There exists ni such that for all n > ni, 2c/n < c'/{2y/n). For a fixed n > ni, there exists constants 
Ci{d, C, A) and N3{n) such that for all N > N3{n) we have 

u card(£;o) 2c _c^ caTdiI)n'^-\nA) c' _d_ 1 

We conclude that for n > ni and N >N3{n),j> H'^-'^ {N A) / ^/N and then 

T{NA,h{N)) < [aXi + {l-a)X2- -^=\n'^-\NA), 



as long as (fT5| and (fT6|) hold. Then, for all n > ni and TV > A^3(n), we have, by the FKG inequality: 

Prr(iVA, /i(Af)) < ^aAi + (1 - a)A2 - j ^^''-^(A^A) 



> P ( T(nA,h(n)) < (Ai - -^)n'^''\nA) 

/ 1 \ card(/)-7 

X P i^T{nA, h{n)) < (A2 - -^)n'^-\nA)j pCard(iJo) _ 

We take the logarithm of this expression, we divide it by TC'^~^{NA), we send N to infinity and then n 
to infinity to obtain 

lijiaXi + (1 - a)X2) < al^Xi) + (1 - a)X„-(A2) . 
The convexity of l^j is so proved. 

5.3 Continuity of 

Now we come back to the problem of the continuity of I^;. Since 2^; is convex, we first try to determine 
its domain. Recall that 6 = 6{F) = inf{A | P(i(e) < A) > 0}. 

•A > there exists e > such that A > {\\v\\i + s){S + 2e). Then there exists no such that, for all 

n > no, there exists a set of edges Eo{n) that disconnects (nA)^^"^ from (71^)2^"^ in c-y\{nA,h(n)) and 
such that card(£;o('^)) < (||w||i + e)'H'^"^(nA). We obtain for 71 > no 

T{nA, h{n)) < (a - W^-^nA)] > P (v{Eo{n)) < (a - W^-^nA) 



> P t(e) < 



mil + £ 



But there exists ni large enough to have for all n > ni, X — l/^/n > {\\v\\i+e){S + e), so for all n > noVni, 
we have 

P (^T{nA,h{n)) < (^A- -^^ H'^-^nA)^ > P{t{e) < ^ + e)L(ll^^lli+^)«'"'("^)J , 
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and finally 



M^) < -(|l«|li+£)logP(t(e)<,5 + e) < oo. 



•A < |lt?|li<5: for A > 0, there exists no such that for all n > hq, 



T{nA,h{n)) ^ ^ J\f{nA,h{n)) ^ ^^^^^^^ 



n 



riA, h(n)) 



> A 



and so for all n > no, 



T{nA, h[n)) < ( A - ^ ) W^-^inA) ) = . 



The same result is true for A = 0. We obtain that Iv{\) = +oo. 

Now, we know that Xj; is convex and finite on i, +oo[ so it is continuous on +oo[, and it 

is infinite on [0, i5||?/||i]. 

Remark 5.4. The only point we didn't study is the behaviour of the function near (51117111. In fact, we 
will eventually change the value of X^((5||'!;|| i) to obtain a lower semicontinuous function. Moreover, the 
fact that Xi7((5||?j||i) = +oo even if there exists an atom of the law of t{e) at 5 is linked with the fact 
that we added a term and not with the behaviour of f'{T{nA,h{n)) < S\\v\\i'H'^~^{nA)). This 

remark can be illustrated by an example in dimension 2: let A = [—1/2,1/2] x {1/2}. Here v = (0,1) 
so jlvjli = 1. We consider a law of capacities with an atom at S. We remark (see Figure [2]) that 
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n = 9 

cyl{nA, h(n)). 

I : cut in cyl{nA, h{n)) with a minimal number of edges. 

Figure 2: Examples of cuts. 

7V((2ri + 1)A, 2n + 1) = 2n + 1. Moreover, there exists a unique cut £'o(2n + 1) in cyl((2n + 1)A, 2n + 1) 
composed by 2n + 1 edges (see it on the Figure). So we have 



(r((2n + l)A, 2n + 1) < {2n + 1)5) = f{V{Eo{2n + 1)) = {2n + 1)5) = P(i(e) = 5) 



2n+l 



and 



lim 



-1 



logP(r((2n + I) A, 2n + 1) < (2n + 1)5) = - logP(i(e) ^ 5) < oo . 



n— too 2n + 1 

We also remark that N{2nA, 2n) = 2n + 1 because a cut in cyl(2nA, 2n) must contain a vertical edge of 
first coordinate i for t = 0, 2n. Then we have 

P(T(2nA,2ri) < 2n5) = 
25 



and 

lim ^logP(T(2nA,2n) < 2n5) = +00. 

n— >oo 2n 

This example shows that the behaviour of P(T(nA, /i(ri)) < i7i''"^(nA)) is not clear, and we will 
avoid the problem by taking later at W^WiS the value of the limit 

lim ^ .^v{^) 

A> II 1 5,\ — ^ II 'lT|| 1 8 

instead of Xi?(||?7||i(5). 



5.4 Positivity of 

>From now on we need the assumptions (Fl) and (F2), i.e F{0) < 1 -~pc{d), and F admits a moment 
of order 1. It is an immediate consequence of Theorem 13.81 that l^j is equal to zero on ]i'{v),+oo[, and 
Theorem 13.91 implies immediately too that X^j is strictly positive on [0, i'{v)[ if i'{v) > 0. 

Remark 5.5. We did not study the function X{t at v{v), i.e., if = or not. If iy{v) > 5\\v\\i, then 

It7 is continuous at i^{v) and so X^(z/(iT)) = 0. If i^(f/) = <^||^''||i, the value of Tij{iy{v)) is not relevant for 
the understanding of the system as explained in Remark 15.41 Finally, Proposition 13.71 gives a sufHcient 
condition to have i^{v) > <5||tT||i, and this condition is also necessary when 6 = 0. 



5.5 Upper large deviations for r 

We will need the following result to prove the large deviation principle for r in the next section: 
Lemma 5.6. Suppose that (HI) and (F5) hold. Then we have, for all A > v{v), 

'T{nA,h{n)) 



Hd-^inA) 



> X 



(17) 



We do not prove Lemma [5^ here. The proof is an adaptation of section 3.7 in jTheret, 2007| , that 
proves that the upper large deviations for (j){nA, h{n)) /H'^~^ {nA) in straight boxes are of volume order. 
It is written completely in [Theret, 2009| , where other assumptions on F are also considered. We describe 
here only the two adaptations required to get Lemma 15.61 from the proof in [Theret, 2007| . The proof 
for (/) is based on a comparison between the variable 4>{NA, h{N)) in a big cylinder, and the minimum 
over h{N)/h{n) possible choices of sums of Tl'^~^{NA)/Ti.'^~^{nA) independent variables equal in law 
with T{nA,h{nj), where n is small compared to A^. This comparison is obtained by dividing the big 
cylinder cy\{NA,h{N)) into h{N)/h{n) slabs, and diving each slab in n''~^{NA)/n'^-^inA) translates 
of cy\{nA, h{n)). Then, in any fixed slab, if we glue together cutsets in the small cylinder of size n, we can 
construct a cutset in cy\{N A,h{N)). There are two difficulties to replace 4>{NA,h{N)) by T[NA,h{N)) 
in this construction, and to consider potentially tilted cyHnders. First, the fact that the cylinders we 
consider may be tilted implies a default of subadditivity of the variable r, so we have to add edges between 
the small cyHnders of size n to glue together the different cutsets, and we have to control the number of 
the edges we must consider. Then, when the small cutsets are glued together, they form a set of edges 
that cuts the top from the bottom of cy\{N A,h{N)). It remains to link this cutset to the boundary of 
NA to obtain a cutset corresponding to the variable t{NA, h{N)). To obtain a control on the number 
of edges we must add at this step, we have to consider only slabs whose distance to NA is neghgible 
compared to N. Using Cramer Theorem for each possible sum of independent variables in a slab, and 
optimizing over the possible choices of slab, we obtain the desired result. 

Remark 5.7. For the variable 0, it suffices to have one exponential moment for the law F to obtain this 
speed of decay (see jTheret, 2007| ). For r, one exponential moment is not a sufficiently strong condition. 
Consider for example an exponential law of parameter 1 for the capacities of the edges. We know that 
E(exp(7t)) < 00 for all 7 < 1. Let xq be a fixed point of the boundary d{rLA). There are, at distance 
at most 4(i of xq, one vertex of {nA)\'^"'^ and another of {nA)'l^^\ Let 7 be some smallest path in 
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CY\{nA,h{n)) joining those two vertices. Its length is at most some constant R{d), and we know that 
every set of edges that cuts (nA)^^"^ from (71,^)2^"^ in cyl{nA, h{n)) must contain one of the edges of 7. 
The probabihty that all of them have a capacity bigger than A7i''"^(nA) for some A > v{v), and therefore 
that T{nA,h{n)) is bigger than XH'^~'^{nA), is greater than exp(— i?((i)A7i''^^(7iA)). Then the property 
(flT)) cannot hold. 

Remark 5.8. It is also proved in [Theret, 2009| that if the capacity of the edges is bounded, the upper 
large deviations are of order n'^~^ min(n, h{n)), and this is the right order of the upper large deviations 
in this case. 



5.6 Proof of Theorem [3Jl)l 

We define the function on by 

if X< v{v) and A 7^ 

+00 if X > v{v) . 

The study of the function Ij; made previously and the construction of gives us immediately that the 
function is a good rate function. As soon as we know that the upper large deviations are of order 
bigger than the lower large deviations, the techniques we will use to prove the large deviation principle 
are standard (see for example Cerf, 2006) ) . 
• Lower bound 

We have to prove that for all open subset O of , 



1 



lim inf ■ , , , 



■log I 



T{nA, h{n)) 
H'i-^{nA) 



e O 



> 



inf . 

o 



Classically, it suffices to prove the local lower bound: 



Va G R+ , Ve > 



lim inf ■ 



1 



■log I 



-{nA, hln)) 



W^-^inA) 



Sja — e, a + e[ 



> 



-Jv{a) ■ 



If Jv{a) = +00, the result is trivial. Otherwise, suppose Jv{ct) < +00. The function is convex, 
equal to zero on [i'{v),+oo[, positive on [0, i'{v)[ and finite on JHwHif^, +00]. Then 1^ is strictly decreasing 
on and so is J^r (because X^j = Jj; on JHz/Hk^, z^(w)]). Yet Jv{a) < +00 implies that a £ 

]\\v\\iS,h'{v)] or a = and j7'ff(||'C||i(5) < +00. In both cases, we so obtain that Jg(oi) < J^ia — ej2). 

Then the following inequality, true for n > 



-{nA, h{n)) 



n'^~^{nA) 



£]a — e,a + e[ > 



T{nA,h{n)) 



leads to 



lim inf — ^-^r- — — 

n^oo W^-^inA) 



log I 



W^-^inA) 

T{nA, h{n)) 
W^-^inA) 



<a 



1 



T{nA,h{n)) e 1 

n'^-^nA) - 2 " 



Gja — e, a 



> -Ma). 



• Upper bound 

We have to prove that for all closed subset J- of . 



lim sup 



1 



^00 Ti 



(nA) 



log I 



T{nA,h{n)) 



e T 



< -inf JV. 



H'^-^{nA) 

Let he a closed subset of R+. If i^{v) e T, the result is obvious. We suppose now that i^{v) ^ J^. We 
consider J^i = H [0,i'{v)] and T2 = J-r]]i'{v),+oo[. Let /i = supJFi (fi < iy(v) because is closed) 
and /2 = inf (/2 > for the same reason). Then, 



lim sup 



1 



H'^-'^inA) 



log I 



< lim sup 



T{nA, h{n)) 
H-^-^inA) 
1 



W^-^inA) 



log 



T{nA,h{n)) 
n'^-^{nA) 



<fi 



T{nA, h{n)) 
W^-^nA) 



>f2 
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We know that: 



1 , ^fT(nA,h(n)) 

1 , ^ fT(nA,h(n)) , 1 

= -limX„-(/i+?7) = -JiT(/i), 
ij— ♦o 

and since J^r is non-increasing on [0, and the upper large deviations of T{nA, h(n)) are of order bigger 
than n''"^, we obtain: 



T{nA,h{n)) _ 
H'^-^inA) 



< -Jvih) = -inf J? 



5.7 Large deviation principle for (p in small boxes 

In this section, we shall prove Corollary 13. 14( i.e., under the assumption that Iim„_too h{n)/n = 0, the 
sequence 

/ (j){nA, h{n)) 



V n'^-^nA) 



n e N 



satisfies the same large deviation principle as {T{nA, h(n))/T-i'^~^(nA),n G N). 

We will use a result of exponential equivalence. For (X„) and two sequences of random variables 
defined on the same probability space {fl, A, P), and for a given speed function v{n) which goes to infinity 
with n, we say that {Xn) and (F„) are exponentially equivalent with regard to v{n) if and only if for all 
positive e we have 

limsup^logP(|X„-r„| >£) = -C30. 

The following result is classical in large deviations theory (see [Dembo and Zeitouni, 1998] , Theorem 
4.2.13): 



Theorem 5.9. Let (Xn) and (Yn) be two sequences of random variables defined on the same probab 
space {fl,A,¥). If (Xn) satisfies a large deviation principle of speed v{n) with a good rate function, 
and if (Xn) and are exponentially equivalent with regard to v{n), then (Yn) satisfies the same large 
deviation principle as (X„). 

We will prove that the sequences {(f){nA, h{n)) /H'^~^ (nA)) and {T{nA, h{n)) /H'^^^ {nA)) are exponen- 
tially equivalent with regard to H'^^^{nA) under the assumptions that there exist exponential moment 
of the law of capacity of all orders and for height functions h satisfying lim„^oo h{n)/n = 0. 

We take a hyperrectangle A and use the same notations as in section 14.61 Let C > 2d, and n large 
enough such that the sides of nA have length bigger than (. Let be the set of the edges that belong 
to £i defined as 

£+ = V {cylidin A), h{n))X) ncyl{n A, h{n)). 

We have for all n > p 

(j){nA,h{n)) < T{nA,h{n)) < (j){nA, h{n)) + V{E^) . 
Thus for all £ > 0, for all n> p, we obtain 

(f>{nA,h{n)) T{nA,h{n)) 



-W^-^inA) -W^^^inA) 
We know that there exists a constant C+ such that 

card(£:i+) < C+n'^-^h{n) , 



> < ^{V{E+) > en'^-\nA)) 
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so for all e > 0, for all 7 > 0, for a family (tk) of independent variables with the same law as the capacities 
of the edges, we have 



P[V{E+)>en'^-\nA)] 



< 



k=l 



< E{e^'f " ''^"^ exp {--feH''-\nA)) 



< exp ~H'^-\nA) [ je ~ C+ 



W^-^inA) 



logE(e'^*) 



For a fixed i? > 0, we can choose 7 large enough to have 76 > 2i?, and also there exists 712 such that for 
all n > 712 we have 



so for all i? > 



and then 



h{n) 
H'^-^inA) 



logE(e^*) < R, 



lim 



sup,^^;^^^\og¥[ViE+)>en''-'inA)] < -R 
1 



hm sup ■ , . , , , , 



logP [V{E+) > en''-^{nA)] ^ ~oo 



We obtain immediately that {(j){nA, h{n)) /T-C^^^ (nA)) and {T{nA,h{n))/H'''^^{nA)) are exponentially 
equivalent with regard to H'^~^{nA), and so by Theorem l5.91 h{n)) /TC^^^ {nA)) satisfies the same 

large deviation principle as {T{nA,h{n))/T-t'^~^{nA)). 



6 Law of large numbers, large deviation principle and lower large 
deviations for in straight boxes 



The main work is done in section 16.11 where one proves that 4> and r share the same rate function in 
straight boxes. Then, the law of large numbers is proven in section [Ql The large deviation principle is 
proven in section 16.31 '^ell as the deviation inequality from v (Theorem I3.18P . 

6.1 Comparison between (p and r 

We prove in this section that under hypotheses (Fl), (F4), (HI) and (H2), the lower large deviations 
of 0(nA, h(n)) and r(nA, h{n)) are of the same exponential order. The following proposition is the key 
to prove both Theorem 13. 161 and Theorem 13.171 

Proposition 6.1. Suppose that (Fl), (F4), (HI) and (H2) hold. Let A he a non-degenerate straight 
hyperrectangle. Then, for every A in K.+ , 



lim 



-1 



H'i-^nA) 



log I 



{nA,h{n)) < A 



n^'-'inA) 



where w = (0, . . . , 0, 1). 

Proof : Since (j){nA, h{n)) < T{nA, hin)), we only need to show that: 



lim inf 



W^-^inA) 



log I 



(nA, h{n)) < ( A - ^ ) W^-HnA) 
' /n ' 



> MX) 
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To shorten the notations, we shall suppose that 

A - [0,l]'^-ix{0}, 

the general case of a straight hyperrectangle being handled exactly along the same lines. Notice that 
T-L'^~^(nA) = n'^~^ . As in section [42t we shall write 0„ instead of (j){nA, h{n)), and denote by i?^^ a cut 
whose capacity achieves the minimum in the dual definition ([T]) of (/)„. 

The idea of the proof is the following. The minimal cut E^^ has a certain intersection with the sides 
of the cyHnder cyl(A, h). Thanks to Zhang's result, Theorem 13.101 and after having eventually reduced 
a little the cyHnder, one can prove that the intersection of E^,^ with the sides of this reduced cylinder 
has less than Crfi~^ jn^l'^ edges with very high probability (here C is a constant). This shows that (with 
very high probability) 0„ is larger than the minimum of a collection of random variables (TF)i?g/„, where 
F designs a possible trace of i?0„, i.e., its intersection with the sides of the reduced cylinder, and where 
/„ is the set of all the possible choices for F . Since E^^ itself has less than Cn'^~^ edges, and since it is 
connected (in the dual sense), a trivial bound for the cardinal of /„ is roughly: 

card(/„) < /i(n)(C'n2^-3)C«''-V"^/^ . 

The important point here is that logcard(/„) is small compared to n''"^. Having done this, a subadditive 
argument using symmetries can be performed to show that in fact the smallest rp (in distribution) 
behaves essentially Hke T{nA, h{n)), which has lij as a rate function. 

Now, we turn to a formal proof. In the sequel, we shall suppose that n is large enough to ensure that 

logh{n) < n'^"^ , jilmin{A) > to and h{n) > 2Vd , 

where to is defined in Proposition 14.21 We consider 7 > such that E(exp(7t(e))) < 00. Let En be the 
cutset defined by £"„ = {e = (x, ?/) e E"^ | a: G nA and i/d = 1} • Notice that for n large enough, 

ca.rd{En) < 2n'^-^ . 

For a fixed L, and for e, Ci and C2 as in Proposition 14.21 using this proposition we obtain: 

P {caidiE^J > Ln'^-^) < P {cardiE^J > Ln'^^^ and 0„ < eLn'^-^) + P (0„ > sLn'^"^) 

< Ci/i(n)exp [-Czin'^"^] + V{V{E„) > eLn'^'^) 

< Ci exp [-(Cai - l)n'^-^] + P XI ^(^^j) - ^^"''"^ 

< Ciexp[-(C2£-l)n''"^] +cxp[-(7eL-21ogE(^e''*('='))n''-^ . 

Thus, there exist constants /3{F, d) and Cj'(i^, 0?) for i = 1, 2 such that for all L > f3 and every n, we have 

P(card(£;^J >in'^-i) < C[{F, d)e~^'^^'''''^''^"'\ 

We fix a real number L > /3 to be chosen later. Define 

</)i „ = miii{V{E) I is a {B{nA, h{n)), TinA, /i(n)))-cut in cyl{nA, hin)) 
and card(i;) < Ln'^-'^} . 

Thus, 

P((/)„ < Xn'^-^) < ¥{^L,n < Xn'^~^) + C^e"^^^"""' . (18) 

We shall now concentrate on the first summand in the right-hand side of the last inequality. Let tpin) = 
\n^/'^~\ . For any k in {1, . . . , '!/'(n)}, define 

An,k = [k,n-kf-' X {0} , 
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Bn,k = [k,n~kf-' X [-h{n),h{n)] , 

and 

S„^k=d{[k,n^kf-') X [~h{n),hin)] . 

In order to perform the announced subadditive argument, we shall need to patch together two cuts of 
neighbouring boxes which share a same trace in the intersection of these boxes. It is not so trivial to 
show that one obtains a cut doing so. This is why we shall impose a kind of "connection trace" on the 
sides of the box, which remembers if a vertex of the side is connected to the top or the bottom of the 
cyHnder once the cut E^^ has been removed. Let us precise the needed definitions. If X is a subset of 
vertices of a subgraph G of Z'', we denote by Cg{X) the union of all the connected components of G 
intersecting X. If is a vertex of G, we write Gg{v) instead of Cg{{v}). We shall say that a function x 
from some Sn,k to {0, 1, 2} is a weak connection function for F in Sn,k if for every u and v in Sn,k, 

u G Cs„ k-^F{v) =J> x{u) = x{v) . 

If E cuts B(An^k, h{n)) from T{An,k, h(n)) in Bk.n^ we define xe^ the connection function of E (in Bk.n) 
as follows: 

r 1 ifueCB,^„\E{T{An^k,hin))) , 
Vw e cyl(A„.fc, XEiu) = < if u G CB,.„\£;(S(A„,fc, /i(n))) , 

[ 2 else . 

Clearly, xe, the restriction of xe to Sn,k is a weak connection function for E n Sn,k- Then, define the 
following set of "good" couples {F, x) of a trace F and a weak connection function x: 



^"=U U {{F,x)\ F cE'^nd {[k,n-k]'^~^) x[h,h + Ln'^-^], card{F)< 

k=l h=-h(n) 

X is a weak connection function for F in S'„.fc| . 



in" 



If F satisfies the conditions in the above definition, then there are at most ^ /ip{n) distinct con- 

nected components in Sn,k \ F. Thus, for a fixed F, there are at most 3^ ^" /'AC") distinct weak 
configuration functions x such that {F,x) belongs to /„. Thus, there is a constant C3, which depends 
only on d, such that 

(2/i(n) + l) < card(/„) < 2/i(n)V'(n)(C3Ln2''-3)^"'"VV'(") (19) 

On the other hand, define, for {F, x) in /„ and k such that F C Sn^k, 

Cf,x = {E C E'^ \E is a. {B{An,k, h{n)), T{AnM, h{n)))-cut in Br,,k, 
E n Sn,k = F, card(£:) < Ln'^^^ and xe = x} , 

and 

T(j^,,) = niiii{V{E)\E eCp,.} ■ 

We claim that 

'pL,n > min T(F,x) ■ (20) 

To see why (|20| is true, notice that for any k in {1, . . . ,^|:(n)}, „ H Bn.k cuts B{An.kih{n) from 
T{An^k,h{n)) in Bn,k, and has less than Ln'^^^ edges. i?0i.„ is connected in the dual sense (see the 
proof of Lemma 12 in [Zhang, 2007| ), and has less than Ln''-^^ edges. Then there is an h such that 
„ is included in [0, nf~^ x [h,h + Ln'^^^]. Thus, there is an h such that E^^^^ n Bn^^ is included in 
[fc, n — kY~^ X [h,h + Ln'^~'^]. Furthermore, since Sn.ii ■ ■ ■ , 'S'„,^(„) are pairwise disjoint, there is at least 
one k in {1, . . . , ipin)} such that 



X card(£;0^J Ln'^-^ 
card(i.,.,„n5„,.)<— A^<-^ 
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Thus, denoting F — E^^^ n Sn^k and x = ^e^^ „ns„,fc, this shows that (j)L,n > '''{f,x), and claim ((20l) is 
proved. 

Now, we need to show that min(^,j)g/^ T^F,x)/'n''^~^ has lower large deviations given by T.g. First, 
notice that 

P{(t>L.n < An'^^i) < P( min Tip^.^) < Xn'^^^) 

< J2 nriRx) < Xn^-') ■ (21) 

{F,x)<£l„ 

Since, according to inequality (fT9l) . logcard(/„) is small compared to n'^~^, we shall be done if we can 
show that, uniformly in {F,x) G /„, the probability of deviation P(T(i?.j;) < Xn'^~^) is asymptotically of 
order at most exp (— ^^^(A)?!''^^) . We shall do this using a subadditivity argument. From now on, we fix 
{F,x) in /„ and k such that F C Sn,k- The notations and rigorous proofs are a little cumbersome, but 
everything can be guessed in two stages, looking at Figures [3] and [H 



E(ifl) 




Figure 3: Patching Ft for b G {0, 1}^^^ when d = 3. 



Let N be an integer such that for every A^' > N, h{2{n — 2k)N') > h{n). Define, for z = 1, . . . , d — 1, 
the following hyperplanes: 

Hi = X {n - A:} X M''-* . 

We define Oi to be the affine orthogonal refiection relative to Hi, and tr^ to be the following translation 
along coordinate i: 

tri(z) = z + 2(n - 2k)ei , 

where (ei, ...,6^) is the canonical orthonormal basis ofM'^. For any b £ {—2N, . . . , 2N — I}'' ^, we define 
the map o-f, as follows. For every i in {1, . . . , d— 1}, let a,; ~ lbi/2\ and c.^ ~bi — 2ai. Then, we denote by 
cTb the (commutative) product of translations and refiections Jl ti ^^T ° Yli=i ' where cr^' (respectively 
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2N cubes 

► 




2h{n) 



AN{n - 2k) 
Figure 4: Patching cuts with the same perimeter. 

tr°') is the Q-th iterate of cr,; (respectively the a^-th iterate of tr^). Finally, we define also, for any set of 
vertices or set of edges X , 

on{X) = y ab{X) , 

fce{-2Af,...,27V-l}'*-i 

and 

aN{X) = aN(X)r^SN , 

where 

Sn ^ d {[k - 2N{n - 2k), k + 2N{n - 2k)]''-'^) x [-/i(n), h{n)] . 

The following lemma should be intuitive looking at Figures [3] and [H In words, the main message of this 
lemma (assertion (m)) is the following. Let E (resp. E') be a cut between the top and the bottom in 
some box B (resp. B'). Suppose that B and B' share exactly a face, and that the connection functions 
of E and E' coincide on this face. Then, E U E' is a cut between the top and the bottom in BUB'. 
Notice that assertion (i) is just an obvious property of symmetry: if you take a cut E between the top 
and the bottom in a box B, then (Jb{E) is a cut between the top and the bottom in ab{B), for any b. 

Lemma 6.2. Let {F, x) be fixed in In- Suppose that for every b e {— 2A^, . . . , 2N — 1}''^^, we are given 
a set Eb of edges that cuts B{ab{An.k)ih{n)) from T{ab{An^k),h{n)) inab{Bn,k)- Let denote (0, ...,0) 
and define: 

E= U Eb. 

6e{-2W,...,2Af-l}''-i 

(i) If Eo n Sn.k = F, and xeo = then for every b G {— 2iV, . . . , 2iV — 1}'^"^, the set of edges 
o'fc(i?(o,....o)) cuts B(ab{AnM),h{n)) from T{ab{An,k), h{n)) in (Jb{Bn,k), has configuration function 
xo a^"^ , and satisfies 

o'b{E(n,...fi))r\a-b{SnM) = o-b{F) . 
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(ii) If, for every b e {-2N, . . . ,2N ~ 

XEf, o at = X , 

then E cuts B{aN{An^k), K'^)) from T{aN{An,k), K'^)) in o-Jv(S„,fe). 

Proof : Assertion (ii) is the only non-trivial point to show. Let h and b' be two members of {— 2A^, . . . , 2N— 
rjj^g hypotheses on the cuts and E[^ ensure that xe,, and xe^, coincide on crb{Bn.k) <^ <^b' (Bn^k) ■ 
Thus, we can extend all the functions {xb)be{-2N....,2N-i}'^-'^ in a single function x on aN{Bn,k)- This 
implies that for every two neighbours u and v in aN{Bn^k), if {u,v) ^ E, then x{u) = x{v). Thus, 
X is constant on each connected component of CTN{Bn,k) \ E. Since in each box ab{Bn,k), Eb cuts 
B{ab{An,k), h(n)) from T((Jb{An^k), h{n))^ we have that x takes the value 1 on B((TN{An^k), h{n)), and 
on r((Tjv(^n,fc): hin)). Thus, these two sets are disconnected in (TN{Bn.k) ^ E. □ 

Now, for every 6 G Z'*^^, define 

CF,x,b = {EcE''\Eisa.{B{ab{A„,k),h{n)),T{<Jb{An^k),h{n)))-cut in (Jb{BnM) , 
E n ab{Sn,k) = o-b{F), card(i?) < Ln'^~^ and xe o crb = x] , 

and 

T{F,x.b) = m-m{V{E) I E G C_F,2;,h} • 

For every N, let En denote the set of the edges e in (JN(Bn.k) such that at least one endpoint of e belongs 
to Sn. Define M{N) = N + tP{N) and, for N' € {A^, Af(A^)}, 

TN' = T(aAr,(A„,fc),/l(A^')) • 

If is a (J5(crAr(A„,fc),/i(n)),r(CTAr(A„,fc)) ^(?^)))-cut in crjv(A„_fc), EUEn' clearly cuts crAr(A„^fc)^''"^ from 
o'7v(^n,fc)2''"''- Thus, part (ii) of Lemma 16.21 gives us that 

/ T(Fxb)+ niin > t(e) > min tat' . 

V ' ^ ' Ar'e{Ar,....A/(Ar)} N'e\N,....MiN)} 

Notice that some edges are counted twice on the left-hand side of the preceding inequality. From part 
(i) of Lemma I6.2( we know that the random variables {Ti^F,x,b))be{-2M{N),...,2M{N)-i}''-^ are identically 
distributed, with the same distribution as T(^f,x}- Using the FKG inequality, 

P(t(f,.) < An'^-i)(4^^(^»'"' 

n nriRxM) < An'*-') 

be{~2M(N),...,2AI{N)-l}''-^ 

< P(Vfe e {-2M{N), 2M{N) - ^F,,,b) < Xn''-') 

\be{-2M{N),...M[(N)-lY-'^ 



<P min TM' - min V tie) < Xn^^^UMlN)) 

1 N'e{N,....M(N)} N'e{N,...,M{N)} ^ ^ ' 

e^E„i 



Let £ > be a fixed positive real number. 

nTiF,x)<Xn''-') < fp(^^^^^min^^^^^r^, <(A + e)n''-i(4A/(iV))''-i) 



d-1 



+¥{ min t(e)> en'^-\4M(N)f-^] ] . (22) 

\N'e{N,...M{N)} ^ ' - J 



e£E 



[4A/(iV))a 



34 



Now we shall let N go to infinity. Using Lemma \5A\ the fact that limN^oDi'{N)/N — and a union 
bound, 

liminf-— — — L-—— -logpf min tn' < {X + e)n'^-\AM{N))'^-^ 
Af^oo {4N{n-2k)y-^ \N'e{N,....M{N)} " - ^ ^ \ \ jj 

> lim inf — - 



max logP Itn' < | A + 2e ^ ) n'^'^mY-'^ 

N'G{N,...,MiN)} y y y/A{n-2k)N' J 

n 



>X.l^(A + 2.)^— j. (23) 

Now, we use the fact that F possesses an exponential moment, and that the sets E^r are disjoint. Using 
Chebyshev inequality, there are positive constants C4 and C5, depending only on F and d, such that 



min y tie)>en'^-\4M(N)f-^ 

N'e{N,...,M{N)} ^ ^ ' 



N'e{N,...,M{N)} ^e<£Efj, 
^ -A'AW 



Thus, 



lim inf — — 

N^oo (4iV(n 



- — --^logpf min t(e)> en'^-\U4(N) f-^\ 

- 2k)¥-^ \ N'e{N,...,MiN)} ^ ' - ^ " I 



Therefore, inequalities (|22l) and (|23l) imply: 

We choose e = ^ , and replace A by A — to get 

1 , 1 A i\ (n-2fc)''-i 1 2 



^^logPK.,.,< A--. n-M >^-^X„- A 



n 



- 2k 

Since fc < V'l'^) and ip(n) is small compared to -^/n, and since Xjj is non-increasing, for n large enough. 

Using inequalities (flOl) and (pT]) . 

liminf ^logP(<^L.„ < An'^-i) > Ji;(A) . 

And thus, from inequality ifTSj) . 

1 



liminf — -logP(0„ < An^'-i) > min{XiT(A), C2L} . 

Letting L tend to infinity finishes the proof of Proposition 16. II □ 



35 



Remark 6.3. This "symmetric-subadditive" argument does not work in the "non-straight" case. It is 
perhaps important to note that in this case, it is not obvious at all to know in advance for which F 
the random variable Tp has the "minimal" distribution. It is natural to conjecture that this "minimal" 
is a hyperrectangle, but we do not know how to prove this for all dimensions. When d = 2, though, 
we are able to solve this problem and to show that if h{n)/n converges towards tan(a) for some a in 
[0,7r/2], and if t/ = (cos0,sin0) ~ vq is orthogonal to A = Ag^ then (j){nAg, h{n))/n converges towards 
min{j/(?Jg')/ cos{0 — 0) s.t. 16* — 6*1 < a}. A similar method gives an analog result for the lower large 
deviations. This will be done rigorously in a forthcoming paper. 



6.2 Law of large numbers 



In this section, we prove Theorem 13. 161 So we suppose that (F2), (HI) and (H2) hold, and that A is a 
straight (so non-degenerate) hyperrectangle. Notice first that if (Fl) does not hold, then i/ always equals 
zero (cf. Proposition 13. 7p and the law of large numbers for is a consequence of the one for r. Theorem 
3.81 Thus, we may suppose that (Fl) holds. We first prove the a.s. convergence of the rescaled variable. 
Since 4>{nA, hin)) < T(nA, h{n)), we only need to show that 

0(nA, h{n)) 



lim inf ■ 



> i^ivo) a.s. 



(24) 



„_oo ■H'^-^{nA) 
where = (0, . . . , 0, 1). 

Suppose first that F has bounded support. Then, (F4) is obviously satisfied, and we deduce from 
Proposition 16.11 the positivity of Xj? on [0, i^(?7)[ and Borel-Cantelli's lemma that ((24|) is true. 

Now, let F be general, i.e. satisfy (F2). We rely on the ideas of Proposition 14.31 Let a > 1/2 be a 
real number to be chosen later, define t(e) = t{e) A a and let Fa be the distribution function of t{e). We 
define: 

J2eeE^i^) ^-t- ^ cuts 

{nA)'l^"'> from {nA^"'^ in cyl(nA, /i(n)) 

and define analogously (/>„■ We use the notations vf{v) (resp. vp^{v)) to denote the limit of the rescaled 
fiow T corresponding to capacities of distribution function F (resp. Fa). As we obtained |[5]), we get: 

E(r„) - E(f„) < E (t(ei) tt(e^)>a) E(cardSf J . 

Proposition 14.21 implies that there are constants £, Ci and C2 such that: 



T„ = mm 



1. 



1, 



C(cardSfJ < ^ + -E(f„) < 7^ + -E(r„) , 
O2 £ O2 £ 

where the constants £, Ci and C2 depend only on d and F, and not on a, since F and Fa coincide on 
[0, 1/2]. Then, for any e' > 0, one can choose a large enough so that: 

i{Tn) < en''-\nA) , 



E(t„ ) - 

leading to vf{vo) — J^F^ivo) < £. Since (/>„ > 
we get for every £' > 0: 



and using the result for Fa which has bounded support. 



lim inf 



(j){nA, h{n)) 
W^-^inA) 



a.s. 



Which gives the desired result. 

It remains to prove the convergence in L^. It may be derived exactly as in the proof of the convergence 
in of Theorem l3.8l as soon as we have proved the convergence of the expectation of the rescaled maximal 
fiow. But this is immediate thanks to Fatou's lemma: 



u{vo) =E 



(f>{nA,h{n)) 



lim , , , 

0(nA, h{n)) 



< lim inf I 

n — >oo 



< 



< lim sup E 



W^-^nA) 



< Hm E 

n — !-oo 



(f>{nA,h{n)) 
H'^-^inA) 

T{nA, h{n)) 



H^-^nA) 



v{vh) . 



This ends the proof of Theorem 13.161 
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Remark 6.4. Our proof of Proposition lG.ll can be carried out in Kesten and Zhang's setting [Zhang, 2007| , 
who consider Ai^ = HiLi [0, h] x {0} with fci < . . . < kd-i and let all the ki go to infinity, possibly at 
different speeds. The only obstacle to do this is when one reduces the sides of the box: ipin) has to be 
replaced by ip{ki), and the set /„ by a set /k satisfying: 

card(/k) < C3/i(k)V'(fci) iCiL J] kA 

where C3, C4 and C5 are constants depending on d and /i(k) is the height of the box. Then, the proof 
works as long as logcard(/k) is small with respect to nf=i which is the case if log/i(k) is small with 
respect to Yl^Zi and logfcji_i is small with respect to ki. Thus, we obtain the law of large numbers 
(and also Proposition 16. ip under the conditions: 

(iogMk))/nti ^-^ T — ^0 

k — >oo 

{\ogkd^i)/ki .0 

k — 'oo 

and condition (Fl). So, in a sense, the height condition is better than in Theorem 13.41 (and essentially 
optimal) , however we are not able to get rid of the second ugly condition - which imposes that the sides of 
A do not have too different asymptotic behaviours - without requiring a stronger condition on h, similar 
to the one of Kesten and Zhang. 



6.3 Final steps of the proofs of Theorem 13.181 and Theorem 13.101 



The proof of Theorem 13.181 is exactly the same as the one of Theorem 13.91 using Theorem 13.161 and 
Proposition 14.31 It remains to end the proof of Theorem 13.171 Proposition 16.11 states in a sense that 4> 
and T share the same rate function. Since this function has already been studied, and since the upper 
large deviations of > 



have been studied in Theret, 2007 



the construction of the rate function of cf) was 
the main work to do in order to show the large deviation principle for (j) in straight boxes. Indeed, the 
only thing we have to prove is that for all A > i'(w), 



lim 



W^-^inA) 



log I 



(f){nA,h{n)) 
W^-^inA) 



> A 



-00 . 



(25) 



As soon as we have (pS)) , we can write exactly the same proof for Theorem 13.171 as for Theorem 13.101 
(see section [KBI . since we have proved that (j){nA,h{n))/'H'^~^{nA) converges a.s. to J^(wo). To obtain 
((25l) . we can refer to section 3.7 in [Theret, 2007| (here only the existence of one exponential moment is 
required) . 

Remark 6.5. We leave the following questions open: is condition (F4) necessary to obtain the existence 
of a rate function for (/) ? If this rate function exists under weaker hypothesis than (F4), is it necessarily 
the same as the one for t ? When the rate function exists, do we necessarily obtain the corresponding 
large deviation principle ? 
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